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CONIC SKCTIONS. 



TN'I'ROBUCTION. 

1. Def. The cm-ve traced out by a point, which moves in 
such a manner that its distance from a given fixed point 
continually bears the same ratio to its distance from a given 
fixed line, is called a Conic Section. 

The fixed point is called the Focus, and the fixed line the 
Directrix. 

Thus if S be the focus, and KK' K 
the directrix, and P a point from which 
PM is drawn at right angles to the 
directrixj the curve traced out by P 
will be a Conic Section, provided P '" 
move in such manner that SP always 
bears tlie same ratio to PM. 

(1.) Wlien the distance from the 
fixed point is ecLoal to the distance 
from the fixed line, that is, when SP 
is equal to PM, the Conic Section is 
called a Parabola. 

(2.) "Vl'hen the distance from the fixed point ia less than 
tlie distance from the fixed line, that is. when the ratio which 
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2 CONIC SECTIONS. 

SF bears to PJf is less than unity, the Come Section is 
called an Ellipse. 

(3.) When the distance from the fixed point is greater 
than the distance from the iixed line, that is, when the ratio 
which SP bears to PM is greater than unity, the Conio 
Section is called an Hyberhola. 

2. The reason of the term Conic Sections being applied 
to these cnrves is that, when a Cone is intersected by a plane 
surface, the boundary of the section so formed will, in general, 
be one or other of these curves. 

I purpose to investigate the properties of the Conic Sections 
from the detinitioos given above, and afterwards to show in 
what manner a Cone mast be divided by a plane in order 
that the cm've of intersection may be a Parabola, ElU^e, or 
Hyperbola. 
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CHAPTER T. 

THE PARABOLA, 

Prop. I. 



3. The focus and directrix of a paratoliv lieilig given, to 
find any iinmtcr of points ou the curve. 




Let 8 be the focus, and KIC the directrix. 

Draw X8x at right angles to the directrix, and bisect the 
line 8X in A ; then 

since AS ^ AX, 
.'. ^ is a point on the curve. 

The point A is called the Vertex, and the line Ax, with 
respect to which the curve is evidently symmetrical, is called 
the Axis. 
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4 CONIC SECTIONS. 

On the directrix take any point M ; join SM; and diaw 
jV/Pat riglit angles to the directrix. 

At the focus S make the angle MSP equal to the angle 
SMF; then 

SP= PM, 
.•. Pis a point on the curve. 

So by taking any nnmber of points, M', M", on the 
directi-ix, we may obtain as many points, P' , P", on the 
cnrve as we please, and the line which passes through A and 
all these points will be the parabola whose focus is H and 
directrix KK'. 

COE. 1. As M is taken further away from the point X, the 
line SM and the angles SMP, MSP, and, consequently, the 
lines SP and PM, continually increase. Hence, since XM 
and Jl/P increase together, the curve recedes at the same time 
both from the axis and directrix ; and since the angle SMP 
can never exceed a right angle, and the lines SP and MP will 
therefore always meet, it is evident that there is no limit to 
the distance to which the carve may extend on both sides of 
the axis. 

Cor. 2. The parabola may be described practically in the 
following manner. 



Let S be the focus and KX be the directrix ; and let a ngid 
bar QM, having a string of the same length as itself fastened 
at one end Q, be ma^^e to slide parallel to tl'.e axis with the 
other end M on the directrix ; then if the other end of the 
string be fastened at the focus, and the string be kept 
stretched by means of the point of a pencil at P, in contact 
with the bar, since SP will always be equal to PM, it is 
evident that the point P will trace out the parabola. 
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CONIC SECTIONS. 



4. The distance of any point inside the parabola from tUe 
focus is less than its distance from tlie directrix ; and tlie 
distance of any point outside the parabola from tlie focus is 
greater than its distance from the directrix. 




(1.) Let Q be a point inside tiie parobola. 
Draw QM at right angles to the directrix, meeting the 
parobola in P; join SP; then 

since SP = PM, 
.-. SPandPe= QM. 
But SP and PQ> SQ, 
.-. QM>SQ. 
(2.) Let ^ be a point outside the parabola. 
Draw MQ at right angles to the directrix, and produce it 
to meet the parabola in P ; join SP ; then 
since S$ and QP> SP, 
and SP = PM, 
.-. Sgand QP>PM. 
.-. SQ> QM. 
Coil. Conversely a point will be inside or outside the 
piirabola according as its distance from the focus is less or 
greater than its distance from the directrix. 

5. Dep. The line PN {see fig. Prop. III.) drawn at right 
angles to the axis from the point P in the curve is called the 
Ordinate of the point P, and the line AN the Abscissa. 
The double ordinate BC drawn through the focus, and termi- 
nated both ways by the curve, is called the Latus Rectum. 
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conk: sections. 



Prop. III. 
The Latns Kectum BG = 4=AS. 



A \~^ S N 
(X. 



Dy-aw BK at right angles to the directrix. 
Then SB = SK = SX = 2AS, 
.■.BG = 4:AS. 

\i. T>Eh\ If a point P' be taken on the parahohi (see fig. 
Prop. IV.) near to P, and PP' be joined, the line PP' pro- 
duced, in the limiting position which it assames when P' is 
made to approach indefinitely near to P, is called tlie Tangent 
to the parabola at the point P. 



If the tangent to the parabola at any point P intersect the 
directrix in the point Z; then SZ will be at right angles to 
SP. 

Let P' be a point on the parabola near to P. 
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CONIC SECTIONS, 




Draw the chord PP', and produce it to meet the directrix 
in Z; join SZ. 

Draw PM, P'M' at right angles to the directi-ix ; join SP, 
SP'; and produce PS to meet the parabola in Q. 
TJien, since tlic triangles ZMP, ZM'P' are similar, 
-■. ZP : ZP :: MP : M'F, 
:: 8P : SF, 
.-. S^bisecta the angle PSQ. {Euclid, VI. Prop. A.) 

Now when P' is indefinitely near to P, and PP' becomes 
the tangent at the point P, the angle P8P' becomes indefinitely 
small, while the angle QSP' approaches two right angles, 
and therefore the angle P' 8Z, which is half of the angle 
P' SQ, becomes ultimately a right angle. 

Hence, when PZ is the tangent, 

the angle ZSP is a right angle, 
or SZis perpendicular to SJ'. 

COE. Conversely, if SZ be drawn at right angles to SJ\ 
meeting the directrix in Z, and PZ be joined, PZ will be a 
tangent at P. 
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t»XIt! SECTIONS. 



7. The tangent at any point P of a parabola bisects the 
angle between tlie focal distance SP, and the perpendicular 
PM on the directrix. 




■JV.) 



Hi fajigoiit al /' meet tlie directrix in tlie point Z: 
: tlicn since tlie angle ZSPi% a riglit angle, (Pfoji. 

.■.xs' + sr' = Pi!: 

khoZM' + MP'-PZ'. 

.-.zs' + sf'-zm' + mp: 

But SP^PM, 
.-.ZS-ZM. 
Now in tlie tri;nigles ZPti, ZPM, 

■.■ ZP,PS- ZP, PM, each to each, 
and ZS - ZM, 
.-. the angle 8PZ = the angle MPZ; 
or PZ bisects the angle SPM. 
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CONIC SECTIONS. 



COK. 1. If ZP be produced to S, then t!ic angle SPR = 
the angle MPR. 

Cor. 2. It is evident that the tangent at the vertex A is 
perpendicular to the axis. 



8. The tangents at the extremities of a focal chord inter- 
sect at right angles in the directrix. 

Let P8Q be a foca! chord, and let the tangent at P meet 
the directrix in Z. 

Join SZ; then 

the angle ZSP is a right angle, {Prop. IV.) 
and .'. also the angle ZSQi'i a nght angle, 
.-. ZQ is the tangent at Q, {Prop. IV. Cor) 

or the tangents at the extremities of the focal chord PS'-^ 
intersect in the directrix. 

Again, draw PM, QM' at right angles lo the directrix; 

since MP, PZ = SP, PZ, each to each, 

and the angle MPZ = the angle 8PZ, 

.-. the angle MZP = the angle SZP, 

.-. the angle SZPi^ half of the angle 8ZM. 

So the angle 8ZQ is half of the angle 8ZM', 

.'. the angleP.g'eishalf of the two SZM mlA SZM . 

But the angles SZM a,nd 8ZM' = two right angles, 

.■. the angle PZQ is a right angle, 

or the tangents at the extremities of a focal chord intersect 
at right angles in the directrix. 



y Google 



CONIC SECTllOxNS. 



Pkop. VII. 



9. If the tangent at any point P of a parabola meet the 
axis produced in the point T, and FN be the ordinate of the 
point P, then NT ^ 2 AN. 




Join SP, and draw FM at riglit angles to the dh-ectrix ; 
then 

■.- the angle SFT ^ the angle J/P?'- the angle STP, 
.-. 8T=SF. 
But SF=FM = XN 
.-. ST^XN. 
But AS = AX, 
,-, the remainder AT= the reniahuler AN, 
.-. NT=2AN. 
L)ef. Tlie line NT is called the Suhlangent. 

10. Def. The line FO, drawn at right angles to FT, is 
called the Normal at tlie point F, and NG the Subnormal. 



Tf the normal at the point P of a parabola meet the axis 
in the point G, then NG = '2 A S. 
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CONIC SECTIOKS. ] 1 

Since tile angle A'Pf? = the complement of tlie angle SFT, 
and the angle SGP = the complement of the angle ST/', 
and also the angle SFT = the angle STf, (Prop. VII.) 
.'. the angle SFG - the angle SOF, 

.-. sa= BF. 

liatSF=FM=XN, 

.■. sa-,XN. 

Taking away the eommon part SN, 

the i-emainiier NG- SJ-iAS. 

Pnop. IX. 

11. If FN he an ordinate to the parahola at the point F; 
then PjV" = 4 J S . AN. 

Since TF G is a right angle, and FN perpendicular to TG ; 
. ". FN is a mean proportional between TN and NG ; 
or FN' - TN. NG. {Eudiil, VI. 8 G<ir.) 
But TN~ 2 AN, (Prop. VII.) 
andATff-aJS, (i>™;>. VIII.) 
.-. FN-iAS.AA'. 

Peop. X. 

1 2. If the tangent at any point P intersect the tangent at 
the vertex in T, then ST will Liseet FT at right angles, 
and will be a mean proportional between SA and SF. 

Draw FN at right angles to the axis ; then 
since A Yi^ parallel to FN, 
.: TY: YP :: TA -.AN. 
Bat AT = AN, (Prop. VII.) 
.-. TT=PY; 
and -.-'SY, YP= SY, YT, each to each, 
andSP=/Sr, (iVoy. VII.) 
,■. the angle SYF= the angle SYT, 

.'. (S'F is perpendicular to PjT. 
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12 CONIC SECTIOKa. 

Again, since TYS is a right angle, and YA perpendicular 
to ST, 

. ■. iS'y is a mean propoitionol between ST and SA ; 
or 8Y^ = ST . 8A. [Euclid, VI. 8 Gor) 
'QM.t8T=SP, {Prop.YU) 
.: 8Y'^=8F.SA. 
Cob. If FM be drawn at right angles to the dlreetrix, and 
2IY be joined, then 

since 8P, Pl'= MP, FY, each to each, 
and the angle SFY = the angle MPY, (Prop. V.) 
.-. the angle 8YP = the angle MYP, 

.*. SY and YM are in the same straight line. 

ri:OP. XI. 
' a pair of tangents to a parabola from an 
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CONIC SECTIONS. 13 

Let be tlic given external point. 

Join OS, and with centime and radius OS describe a 
circle, cutting the directrix in Jf and M', wliicli it will always 
do, on whichever side of the directrix is situated, since 
is nearer to the directrix than to the focus. (Frop. II.) 

Draw MQ and M' Q' parallel to the axis meeting the 
parabola in Q and Q. 

Join OQ, OQ ; these will be the tan ts required. 
Join 5(3 and SQ ; then 

■.- OQ, QS = OQ, QM, each to each, 
and OS=OM, 
.-. the angle 0§-S= the angle OQM, 

.-. Q is the tangent at ^, (Fi-op.Y.) 
So OQ' is the tangent at Q'. 



Prop. XII. 

14 If from a point a pair of tangents OQ and OQ' be 
drawn to a parabola, the triangles 08Q, OSQ' will be 
similar, and 08 will be a mean proportional between SQ 
and SQ'. 

Join SJ\1, catting OQ at riglit angles (Prop. X. Cor.) in 
the point Y; tlien 

since the angle SQO ^ the angle MQO, {Prop. V.) 
and the angle MQO = the angle SMM', 
each of these angles being the complement of the angle QM Y, 
. ■ . the angle SQO== the angle SMM'. 
But the angle SMM' at the circumference is half the angle 
SOM' at the centre, and is therefore equal to the angle SOQ'. 
.-. the angle SQO = the angle SOQ'. 
So the angle SOQ = the angle SQ'O, 
.-. the remaining angle OSQ ~ the remaining angle OSQ'. 
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CONIC SnCTIOXS. 



And therefore the triangle OSQ ia similar to the triangle 
OSQ'. 

.-. SQ : SO :: SO : SQ', 
.-. SQ. SQ'^SO\ 
or ^0 is a mean proportional between SQ and S(^. 

Pj;op. XITI. 

15. If a paiv of tangents OQ, OQ' be dvawn to a parabola, 
and OV ha drawn parallel to the axis meeting Q<^ in V, then 
QQ' shall be bisected in V. 




Draw QM, Q'M' at right angles to the directi'ix. 

Join OM, OM' ; and let V meet MM' in Z. 

Then, since OM = OW, {Prop. XL) 

.-. the angle OMZ^ the angle OM'Z, 

and tlie angle OZM = the angle OZM', 
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CONIO SECTIONS. lo 

and the aide OZ is common to tlie triangles OZM, OZM', 

.: MZ=M'Z. 

And beeaiise tlie lines QM, ZV, Q' M are parallel, 

.-. QV : gV:: MZ : M' Z. 

Bnt MZ^ M'Z, 

.-. QV^Q'V, 

.•. QQ' is bisected in F. 

Peop. XIV. 

16. If from a point a pair of tangents OQ, 0Q\ be 
drawn to a parabola, and Ov be drawn parallel to tlie axis 
meeting the parabola in P, and QQ m V, then the tangent 
at P will be parallel to ^^ and OF will be bisected in P. 




Draw the tangent BPR' meeting Q, 

Join PQ, and draw i?^ parallel to the t 
in W; 
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\(> CONIC BECTIOXS. 

Tlien, by the last Proposition, 

And because JiW is parallel to OP, 

.-. on : BQ :: PW : WQ. 

J^^^tFW= WQ, 

.-. OR^RQ; 

so OR ^'R'Q', 

.-- OR : RQ :: OR' : R'Q^, 

.-. i2i£' is parallel to Q(^. 

Again, since PR is parallel to QV, 

-■. OP : PVr. OR : RQ. 

But OR^RQ, 

.: OP=PY. 

CoK. From this it is manifest that if any number of parallel 
chords be drawn in a parabola, their middle points will all lie 
on the line parallel to the axis which passes through the point 
where the tangent drawn parallel to the chords meets the 
parabola. 

Def. Any line PV, drawn from a point P in the parabola 
parallel to the axis, is called a Diameter, 

The point P is called the V&rtex of the diameter PV\ and 
the tangent at P the Tavgent at the Vertex. 

The diameter consequently bisects a!! chords parallel to the 
tangent at the vertex, and the tana:ent3 at the extremities 
of any chord will intersect in the diameter corresponding to 
that chord . 

Def. A line QV, drawn parallel to the tangent at P from 
a point Q in the curve, is called the Ordinate to the diameter 

py. 



17. Vi Q V be an ordinate to the diameter P V, then Q V 
= 4 . SP. PV. 
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CONIC SECTIONS. 




Produce Q F to meet the parabola in Q ; and draw the 
tangents QO, Q 0, meeting F/* produced in the point 0. 
{Prop. XIV.) 

Also let the tangent at P meet OQ m B, and join SP, 
SB, and 8 Q. Now since from the point R two tangents R P, 
li Q are drawn to the parabola, the triangle EPS is similar 
to the triangle ESQ, {Prop. XII.) 

.-. the angle SEP = the angle SQR. 
But the angle SQR = the mgh-STQ, {Pi-op. VII.) 
= the angle POR, 
.: the angle 8EP= the angle POE, 
and the angle SPE = the angle OPR, {Prop. V. Cor. 1.) 
.■, the remaining angle RSP^ the remaining angle OEP, 
.". the triangle SPE is similar to the triangle POE, 
.-. SP : PE :: PE : PO, 
.-. PE^ = SP. PO, 

= SP.PV. {P-op. XIY.) 
Again, since QV ia parallel to PE, 

.-. QV : PE :: OF: OP. 
But 0F= 2 OP, {Prop. XIV.) 
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18 COXIC SECTIONS. 

.-. §7-2 PR, 
.-. QV^iPK', 

= i8P.Fr. 

18. Def. The double ordinate to the diameter PV, drawn 
parallel to the tangent at P, and passing through the focus, is 
oalled the Parameter of the diameter P V. 



Pkop. XVI. 
The parameter of tile diameter PF = 4 . SP. 




Draw QSQf through the focus parallel to the tangent at P, 
Old let the tangent at P meet the axis produced in T; then 

gr' = 4BP.pr. (P™p. xv.) 

But Pr = ST= Sr, (Prop. VII.) 
.■. eF' = 4SP'; 
or eF=2SP, 
.-. QQ'-iSP 
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19 



Pbop. XVII. 

19. If two c}iords of a parabola intersect one another, the 

rectangles contamed by their segments are in the ratio of tlie 

3 of the diameters which bisect the chords. 




Let the chords Q^, Q<1 intersect one another in the point 0. 

Bisect Qq, Q'^' in Fand F'; and draw the diameters PV, 
P V parallel to the axis. 

Also, through draw OB parallel to P F; and through It 
draw ii IF parallel to QK 

Now, since Qq is divided equally in Fand unequally in 0, 

.-.QO . Oq= QV'~ov, {Eucm,n.5) 

= QV-BW, 

-iSF.rr-iSF.PW, (Proy. XV.) 
= 4SP.B0. 

So Q'O. Oq' = 4sr .ito. 

Hence QO . Oq: Q'O. Oq :: iSF-.iSF. 
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20 CONIC SECTIONS. 

By Euclid, IT. 6, the same may be proved to be true if the 
point be without the parabola. 

I'BOP. XVIII. 

20. If from an external point a pair of tangents OQ, 
OQ' be drawn to the parabola, and the chord QQ be joined, 
the area of the figure bounded by QQ and the curve is 
two-thirds of the triangle QOQ'. 



3^'" 




Draw the diameter OF" meeting the curve in P; and let 
the tangent at Pmeet OQ, OQ' m B and 1^. 
Join QP, QP; then 

since OR = RQ, 
.-. the triangle OPE = ^ the triangle OPQ, 
= A the triangle VPQ. 
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CONIC SECTIONS. 21 

So the triangle OPR = ^ the triangle VP(^, 

.-. the triangle OBM' = ^ the triangle PQQ. 

Again, if through R and P' we draw the diameters Rp, 
Rj)'; and at the points^ and ^' draw the tangents j-^j-,, i^p'r\, 
we can prove in the same manner as before that 

the triangle Prr^ = \ tlie triangle QpP., 

and the triangle P!^r' , = \ the triangle Qp'P. 

Continoing in this manner to form new triangles hy 
drawing diameters at the points r, r„ and /, r/, and tangents 
at the points where these diameters meet the curve, we can 
prove that the exterior triangles formed by the tangents are 
the halves of the interior triangles formed by joining the 
points of contact with the extremities of the chorda. 

And the same will hold however the number of the triangles 



Hence the sum of all the exterior tiiangles will be equal to 
half the sum of all the interior angles. 

Now when the number of the triangles is increased in- 
definitely, the sum of the exterior triangles will represent the 
exterior figure OQPQ\ and the sum of the interior triangles 
the area of the interior figure QPQ. Hence 

the area of the figure O^PQ' = ^ the area of the figure QPQ' 

.-, area of the figure OQPQ' = J the area of triangle QOQ , 

.-. area of the figure QPQ = § the area of triangle QOQ. 

21. Def. If with a point on the normal at P as centre 
and OP as radius, a eircle be described touching the pai'abola 
at P and cutting it in Q; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. [See Jig. Prop. XIX.) 
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CONIC SECTIONS. 



Prop. XTX. 



The chord of the circle of curvature, at a point P of a 
parabola, drawn parallel to the axis = iSP. 

Let PThe the tangent, and PG the normal at the point P. 

With centre and radius OP describe a circle cutting the 
parabola in the point Q. 

Draw RQX parallel to the axis meeting the circle in X 
and the tangent at P in II. 

Also draw QV parallel to PR, and PW parallel to the 
axis; then 

since PP touches the circle at P, 

.-. BQ . EX = PR\ {EucUd, III. 36.) 
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CONIC SECTIONS. 23 

But FE' - QV ^iSP. PV, (Prop. XV.) 
.-. RQ.RX = ASP.PV. 
But -H(3 = FY. 

.-. nx^-iSF. 

Now when the circle becomes the circle of eur^'ature at 7", 
the points S and Q move up to and coincide with P, and the 
lines BX and F W become eqiml. 

Hence trie chord of the circle of curvature parallel to the 
axis = 45P. 

COE. 1. If PUbe the diameter of the circle of curvatui^e, 
and PF the chord through the focus ; then 

since the angle FPU = the angle WPU, (Prop. VIIL) 

.■. PF=FW^4=8P. 

Cog. % If SFbe drawn at right angles to PT; then 

the triangle PFUh similar to SYF, 

.-. PU : PF:: SP : SY, 

or PU : ASP :: SP : ST. 

Pkop. XX. 

If QVO" be any ordinate to the diameter PV, the circle 
described through the thi-ee points P, Q, Q' will intersect the 
parabola in a fourth point, which depends only upon the 
position of P. 

Draw the ordinate PjV, and produce it to meet the parabola 
in P' ; then, 

since the subtangent - 2 . AN. [Prop. Vll.) 

The tangents at P and P' will meet the axis in the same 
[>oint T. 

Draw PR parallel to TP', meeting the parabola in P, and 
QQ in 0; then 

FO .OR: QO . OQ :: SP' : SP. {Prop. XVII.) 
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But 5'P= ST^SF, {Prop. Yll.) 

.-. FO. 0R= QO. OQ'. 

Hence liy tlie converse of Eudtd IIT. Prop. 22, tlie point R 
\s on the circle which passes through P, Q, Q'. 

Cor. 1. Since TP and TP' are equally inclined to the axis, 
the lines Q(^, PR, which are parallel respectively to TPaiid 
TP', are also eqnally inclined to the axis. 

Cor. 2. When tlie point V is brought indefinitely near to 
P, QQ coincides with the tangent to the parabola at P, and 
becomes also a tangent to the circle at P, since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of ciurvature at the point P. 

Hence if PS be drawn parallel to the tangent at F, or be 
equally inclined to the axis with Pl\ it will meet the parabola 
in the point where the circle of curvature at P intersects the 
parabola. 
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PaOBLEMS ON THE PARABOLA. 

1. The diamctcv of the circle described about the triangle 
BA G is equal ta5AS. {See fig. Pr(yp. Ill) 

2. If from the point G, GK be drawn at right angles to 
8P, then PK= 2AS. (Seefig. Prop. VII.) 

3. If the triangle SPG is equilateral, then SP is equal to 
the latus rectum. {See fig. Pi-op. VII.) 

4. PQ is a common tangent to a parabola and the circle 
described on the latus rectum as diameter ; prove that SP 
and 8Q make equal angles with the latus rectum. 

5. Prove thati*r.PZ=^P'^ and that-Pr. YZ^AS. 
8P. {See fig. Prop. VII.) 

6. If PL be drawn at right angles to AP, meeting the 
axis in L, and PN be the ordinate of P, then NL = 4,A S. 

7. The tangent at any point P of a parabola meets the 
directrix and latus rectum produced in points equally distant 
from the focus. 

8. Prove that iVr= PF, and that TP . TY ^ TS . TN. 
{See fig. Prop. VII.) 

9. If a circle be described about the triangle SPN, the 
tangent to it fmm A^^ PN. {See fig. Prop. VII.) 

10. If the ordinate of a point P bisect the subnormal of 
P', the ordinate of P ia equal to the nonnal of P. 

11. If from any point on the tangent to a parabola a line 
be drawn touching the parabola, the angle between this line 
and the line to the focus from the same point is constant. 
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12. A circle and paratola have the same vertex and axis. 
BA' C is the double ordinate of the parabola which touches 
the circle at A', the extremity of the diameter through the 
vertex A. FP' is any other ordinate of the parabola parallel 
to this, meeting the axis in N, and AB produced in H; 
prove that the rectangle MP . RV is proportional to the 
square of the tangent drawn from W to the circle. 

13. Draw a parabola to touch a given circle at a given 
point, and such that its a:sis may touch the same circle in 
another given point, 

14. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the 
axis meeting the chord, tangent, and curve, this line will be 
divided by them in the same ratio as it divides the chord. 

15. If the diameter PV meet the directrix in 0, and the 
chord drawn through the focus parallel to the tangent at P in 
F, prove that VP-^PO. 

16. Prove that the locus of the intersection of a diameter 
PV with tlie chord drawn through the focus parallel to the 
tangent at i* is a parabola. 

17. If a circle and parabola have a common tangent at P, 
and intersect in Q and B ; and Q V, UB be drawn parallel 
to the axis of the parabola meeting the circle in V and U 
respectively, then VU'vi parallel to the tangent at P. 

18. AB and AG are two lines at right angles to each 
other. From a fixed point on A G, GB, is drawn parallel 
to AB. On AB, produced if necessary, Pis taken such that 
the perpendicular PiVupon AB is equal to GB. Prove that 
the curve traced out by P is a parabola. 

19. If from a point P of a circle PC be drawn to the 
centre; and B be the middle point of the chord PQ drawn 
parallel to a fixed diameter A GB, then the curve traced out 
by the intersection of CPand ARhs. parabola. 

20. If two equal tangents OQ, Q', be cut by a third 
tangent, their alternate segments are equal. 
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21. 7? is tlie ce.ntre of the circle described about the triangle 
OQQ. Prove that the circle described about the triangle 
QEQ will pass through the focus. {See jig. Prop. XIII.) 

22. PSp is any focal chord of a parabola. Prove that A P, 
Ap will meet the latus rectum in two points Q, g, whose 
distances from the focus are equal to the ordinates of p 
and P. 

23. PSp is a focal chord of a parabola, RDr tlie directrix 
meeting the axis in D ; and Q any point on the curve. Prove 
that if QP, Qp be produced to meet the directrix in R, r, half 
the latus rectum is a mean proportional between DB, Dr. 

24. OP and § are two tangents to a parabola. On Q 
produced, (/ is taken ei^ual to Q; prove that 08 , PQ' — 
OP . OQ. 

25. If QD be drawn at right angles to the diameter PV, 
then QD^^iAS.PV. 

26. If tin'o'ugh any point on the axis of a parabola a 
chord PO Q be drawn, and PM, QN be the ordinates of the 
points P and Q, prove that AM. AN^ A(f. 

27. li AP and ^ ^ be drawn at right angles to each other 
from the vertex of a parabola, and PM, QN be the ordinates 
of P and Q, prove that the latus rectum is*a mean proportional 
between ^ Ji and AN. 

28. OAP is the sector of a circle whose centre is 0. If 
the radius OA remain fixed while the angle A OP changes 
the centi-e of the circle insa'ibed in the sector, A OP will trace 
out a parabola, 

29. Q8Q is a focal chord parallel to AP; PN, QM. 
Q M' are the ordinates of P, Q, and Q'. Prove that SM"^ 
= AM. ANmd that MM' = AP. 

30. PQ, P Q^ are drawn from any point P catling the 
ordinates QV, QV'mE' and B, prove that VB is to V'B' 
in the triplicate ratio of Q V to Q' V'. 
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31. On a cliord of a parabola as diameter a circle is described, 
cutting the parabola again in two points. If these points be 
joined, the portion of the axis between the two chorda is equal 
to the latus rectum. 

32. 1{ OQ, (9 ^ be a pair of tangents to a parabola, and 
the chord QQ' he a normal to the cnrve at Q, then OQ ia 
bisected by the directrix. 

33. Two equal parabolas having the same focus and their 
axes in contrary directions intersect at right angles. 

34. The radius of curvature at the extremity of the latus 
rectum is equal to twice the normal. 

35. If from any point P of a parabola PF and PH be 
drawn making equal angles with the normal P(?, then 86' = 
SF. SK 

36. If a triangle be inscribed in a parabola, the points when 
the sides produced meet the tangents at the opposite angles 
are in the same straight line. 

37. If the tangents Q, (^ ha cut by a third tangent in 
R, R', prove that 

OR : RQ :: R'Q' : OR'. 

3S. If from the vertex of a parabola chords be drawn at 

right angles to one another, and on thern a rectangle be 

described, the curve traced out by the further angle is a 

pai-abola. 

39. Prove that 2^1^ is a mean proportional between AP 
and the chord of the cii-cle of curvature at the point P of the 
parabola drawn through the vertex A. {See fig. Prop. VII.) 

40. If a circle deacribed upon the chord of a parabola as 
diameter meet the directrix it also touches it, and all chords 
for which this is possible intersect in a point. 

41. If a pai'abola roll upon another equal parabola, the 
vertices originally coinciding, the focns ti^aces out the 
directrix, 

42. The circle of curvature at the extremity of the latus 
rectum intersects the parabola on the diameter of curvature 
passing through the point of contact. 
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THE ELLIPSE. 

22. Def. Tlie Ellipse ia the curve traced out by a point 
which moves in such a manner that its distance from a given 
iixed point continaally bears tlie same ratio, less than unity, 
to its distance from a given fixed line. {See Introduction.) 

Pkop. I. 

The focus and directrix of an ellipse being given, to find 
any number of points on the curve. 

Let S be the foCus, and MX the directrix. 

Draw SX at right angles to the directrix, and divide SX 
in the point A, so that SA may be to ^X in the given fixed 
ratio less than unity ; then 

A is bl point on the curve. 

On XS produced take a point A', such that 

SA' : A-X :: SA : AX; 

then A' will also be a point on the curve. 

On the directrix take ant/ point M; and through M and S 
draw the line MY8Y' meeting AY and A' Y', drawn at 
right angles to A A' in the points yand Y'. 

On FF' as diameter describe a circle, and draw MI'F' 
parallel to A A', cutting the circle in the points P and P'; 

P and P' will be points on the ellipse. 
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Join FY, FY', 8F; theu since 

SY : YM :: 8A : AX, (Euclid, VI. 2) 
and SY' : T3S:: 8A' : AX, [Euclid, VI. 2) 
.-. SY : YM :: SY': Y'M; 
or, alternately, 

SY : SY' i: YM' : Y'M, 
and t!ie angle YF Y' in a semicircle is a right angle, 
.-.FY bisects the angle SPM,* 
,■. 8F: FM :: SY : YM, 
:: SA : AX. 
So we may show that 

Sr : F'M :: SY : YM, 
:: SA : AX. 
.'. Pand P" are points on the curve. 

* For, If Dot, mate the angle ri'sequaUo YPM; then 
eY : YM :: iP : P3f. (BwUd, VI. S.) 
And since, if PY bieect sPM, P Y', being at right angles to P Y, alao bisects 
the angle aPM', 

,-. . r : TM :: >P : Pif. (EiKlid, VI. A.) 
HenoBiT ; YM :: gT : Y'M, 
or.r : jT' V. YM: Y'M, 
.'. the poiute iS and s coincide. 
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In the same way, by taking other points on t!ie directrix, 
we may obtain as many more points on the curve as we 
please. 

Cor, 1. Since, corresponding to everj' point P on tlie curve, 
there is a point P situated in precisely the same manner with 
respect to .A'y' as P ia with respect to AY, it is clear that 
if we make A'8' equal to AS, and A'X' eqaal to AX, and 
draw X'M' at right angles to AX', the cui-ve could be equally 
well described with 8' as focus and M'X' as directrix. 

The ellipse is therefore symmetrica], not only with respect 
to the line A A', but also with respect to the line OC drawn 
through the middle point of YY' at right angles to and 
bisecting A A'. 

CoE. 2. The line OP will bisect the angle SPS'. 

Let OP meet 8S' in G. Produce MP to meet X'M' in 
M'. and draw OM' passing through the focus S' ; then 

8P : PM :: 8'P : PM, 

or, alternately, SP : S'P :: PM : PM'. (1) 

Again, 8G : PM:: S'G : PM', 

or, alternately, SG i 8'G :: PM : PM', (2) 

.-. from (1) and (2) 

SP : S'P :: 8G : S'G, 

.■. PG bisects the angle SPS'. {Euclid, VI. 3.) 

It will be shown hereafter {Prop. XL) that the normal 
to the ellipse at the point P also bisects the angle SPS'. 
Hence the ellipse and circle Iiave the same tangent at the 
point P. 

The ellipse will consequently touch all the infinite series 
of circles which can be described in the same manner as the 
one in the figure by taking different points on the directrix. 
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Paop. II. 



23. If be tlie middle point of ^^'. then CA is' a mean 
proportional between OS and OX, 

otOS.CX= CA'. {Sas fi,. Prop. III.) 
Since SA : A'X :: SA : AX. 
Alternately SA' : SA :: AX : AX, 
.■. SA + SA : SA :: AX + AX : AX; 
<rcAA : SA :: XX' : AX, 
.: AA : XX' :: SA : AX, 
01 OA : OX :: SA : AX. (!)• 
Again, SA : SA :: AX : AX, 
.-. SA - SA : SA :: AX- AX : AX; 
or SS' : SA :: AA : AX 
Alternately SS' : AA :: SA : AX; 

or OS : OA :: SA : AX (2) 
Hence from (1) and (2) 

CA : CX :: OS : OA, 

.■. CA' = OX. OS. 

or CA is a mean proportional between (7S and CX. 

CoK. Since the three lines OS, CA, CX are proportional, 
therefore, by the definition of duplicate ratio and Eudid, 
VI. 20 Oor. 

OS : CX : OS- : OA'. (3) 



24. If P be any point on the ellipse, then 
SP + S'P = AA. 



y Google 



COXIC SECTIONS. 




Since «P ; FM :: SA : AX, 
aqSlSA : AX :: AA' : XX', (Prop. II.) 
.-. SP : PM :: AA' : XX\ 
So S-P : PM- :: AA! : XX', 
.-. SP + S-P : PM-VPM' :: AA'. : XX'. 
But !>][£+ PM' = MM' = XX', 
.-. SP + S'P^AA'. 

Cor. 1. By means of this property the ellipse may be praJ3- 
tically described and the form of the curve determined. 

Let a string, equal in length to AA', Lave its ends fastened 
to two points S and S' ; and let it be kept stretched by 
means of the point of a pencil at P; then since SP+ S'P 
will be always equal to AA', the point P will ti'ace out the 
ellipse. 

Cog. 2. The line AA' is the longest line that ean be drawn 
in the ellipse.; 

For, if any other line PQ be drawn, then 

SP+ 8Q >PQ, 
anAS'P+S'Q>PQ, 
.-. SP + S'P + 8Q + 8'Q>2PQ, 
or AA' > PQ. 
25. Def. If BOB' be drawn at right angles to AC A', 
meeting the ellipse in B and B", it will be seen further on 
(Prop. XIII. Cor. 2) that BCB' is the shortest chord that 
can be drawn fhi-ougli the centre of the ellipse. (See fig. 
Prop. IV.) 
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A A' is called the Mcg'or Axis and BF the Minor Axis of 
the ellipse. 

In most geometrical treatises the ellipse is defined as the 
curve traced out by a point which moves in such a manner 
that the sum of its distances from two fixed points is always 
the same ; but it appears that the properties of the cnrve are 
more clearly exhibited by defining it in a manner analogons 
to the parabola, and deducing immediately/ from that definition 
the property in question. 

Having now shown that one definition necessarily includes 
the other, we are at liberty in our future investigations to 
make use of whichever property is most convenient. 

Feop. IV. 

26, If BG be the semi-minor axis of the ellipse, tlien 
£ C = CA" - OS' ; 
and if SL be the semi-latns rectum, 

SL.AO = BC\ 




Join SB, S'B; then 

Bince SB + S'B= A A', 
andthatS5=S'5, 
.-. SB^AC. 
But -BC" = Si>' - 
.-, BC^CA'- 



[Frop. in.) 
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Again, SL : SX ii SA : AX, 

:: OS : OA, (Proy. U.) 
.-. SL.AC-CS.SX, 

= cs.ox- cs; {Etuiid, ir. 3,) 

= CA'- CS', {Prop. II.) 
= BC: 



27. Tile sum of tile distances of «n^ point horn tile ioci 
of an ellipse will be less or greater than AA' according as 
the point is inside or outside the ellipse. 




(1.) Let Qhe & point inside tlie ellipse. 
Join SQ, S'Q ; and produce 8Q to meet the ellipse in P; 
join S'P ; tlien 

since «"?+ QP>^Q, 
.-. S-P + 8P>S'Q + SQ. 
But S'P + SP = AA', (Prep. IIL) 
.-. SQ + SQ: <AA\ 
(2.) Let Q be a point outside the ellipse. 
Join HQ, S'Q, and let SQ meet the ellipse in the point P; 
join S'P; then 

since S'e+eP> S'P, 

.-. S'Q + SQ>SP + S'P, 
But Sr + S'P . AA', (Prop, m.) 
.-. SQ + S'Q>AA'. 
d2 
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COK. Conversely, a point will be inside or outside the 
ellipse, according as the sum of its distances from tlie foci is 
ess or greater than A A'. 

28. Dep. If a point P' be taken on the ellipse near to P, 
(see fig. Prop. VI.) and PP' be joined, the line PP' produced, 
in the limiting position which it assumes when P is made to 
approach indefinitely near to P, is called the Tangent to the 
ellipse at tlie point P. 

Prop. VI. 

If the tangent to the ellipse at any point P intersect the 
dii'ectrix in the point Z, and if 8 be the focus corresponding 
to the directrix on which Z is situated, then SZ will be at 
right angles to SP. 



j 
I 




p 




1 «^ 





Let P' be a point on the ellipse near to P. 

Draw the chord PP\ and produce it to meet the directrix 
in Z; join SZ. 

Draw PM, P'M' at right angles to the directrix, and join 
SP, SP. 
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PiWuce PS to meet the ellipse in the point Q; then since 
the triangles ZMP, ZM'P' are similar, 

.-.ZP : ZF :: MP : M'P', 
:: SP : SP; 
.-. SZ bisects the angle P' S Q. {Euclid, VI. Prop. A.) 
Now when P' is indefinitely near to P, and PP" becomes 
the tangent at the point P, the angle P8P' becomes inde- 
tinitely small, wliile the angle Q8P' approaches two right 
angles ; and therefore the angle Z8P being half of the 
angle P" SQ, becomes nltimately a right angle- 
Hence when P.2^ becomes the tangent at the point P, 
the angle ZSP is a right angle, 
or S^is perpendicular to SP. 

Coi!. 1. Conversely, if 8Z be drawn at right angles to SP, 
meeting the directrix in Z, and PZ be joined, PZ will be the 
tangent at P. 

CoE. 2. If ZP be produced to meet the other directiix on 
tlie point Z' and S'Z' be joined, then 

S'Z' is at right angles to 8' P. 

Cor. 3. The tangents at the extremities of the latns rectum 
or double ordinate through the focus meet the axis produced 
in the point X. 

Pkop. VIT. 

The tangent to the ellipse at any point P makes equal 
angles with the focal distances SP and 8'P, 

Let the tangent at P meet the directrices in Z and Z'. 
Praw MPM' at right angles to the directrices, meeting 
them in Jlf and M' respectively; join SZ, S'Z' ; then 
SP: PM :: S P : PM ; 
and since the triangles MPZ, M'PZ', are similar, 
PM : PZ :: PM' : PZ', 
.-. SP : PZ:: S'P : PZ. {Ex wquaU) 
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Now in the triangles BFZ, S'FZ, "because the sides about 
the angles 8PZ, S'PZ' are proportional, and the angles .PiS'^, 
P8' Z are eqiial, being right angles, and the angles 8ZP, 
8'Z' P&X& each less than a right angle, 
.-. the triangles S'P^and S'PZ are similar, (EucUd, VI. 7) 
.-. the angle 8PZ = the angle S'PZ'. 
COE. If S'P be produced to W^ then 

the angle SPZ = the angle WPZ 



The tangents at the extremities of a focal chord intersect 
in the directrix. 

Let P8Q be a foca! chord, and let the tangent at P meet 
the directrix in Z. 



Join SZ; then 
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the angle ZSPis a riglit angle, {Prof. VI.) 
and ,■. also the angle Zt'jQ is a right angle, 

.■. ZQia the tangent at Q; {Prop. VI. Cor. 1) 
or the tangenta at the extremities of a focal chord intersect in 
the directrix. 



29. If the tangent at P meet the axis major produced i 
and PN be the ordinate of the point P, then 

GT. cif- ca: 




Draw MFM' parallel to the axis major meeting the direc- 
trices in M and M' ; and produce S'P to Wi then, since PT 
bisects the angle SPW. {Prop. VIl Cor) 

.: S'T: ST:: S'P : BP, (EmlH.VL k.) 
:: PM': PM, 
:: X'N: XN, 
.-. S'T+ ST : S'T- ST :: X'N+XN : TN- XN; 
or 2 or: 2 0a :: 2CX : 2CS, 
or CT : OS :: OX: ON, 
.-. CT. GN= CS. ex. 

- ca: {Prop 11.) 
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Prop. X. 



If on the major axis of an ellipse as diameter a circle 
be described and a common ordinate NPQ be drawn meeting 
the ellipse in P and the circle in Q, then the tangents to the 
ellipse and cii-cle respectively at the points P and Q will meet 
the major axis produced in the same point. 




Let the tangent to the ellipse at P meet the major axis 
pi-oduced in T; join OQ, QT; then, by the last Proposition, 

GT. GN= CA^= CQf, 
.■. the angle GQTis a right angle. 
And therefore QT is the tangent to the circle at Q ; or the 
tangents at P and Q meet the major axis produced in the 
same point T. 

The circle described on AA' as diameter ia called tlic 
Auxiliary Circle on account of the important aid that it 
affords in investigating the properties of the ellipse. 

30. Def. The line P(?, drawnat right angles to the tangent 
PT, is called the Normal to the ellipse at the point P. 



If the normal at P meet the major axis in the point G; 
then 

SG : SP:: 08 : CA, 
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Since FB is st light angles to TFl, 

.-. the angle OFT- the angle GFl. 

But the angle SPT- the angle «'» f, (,Prcp. Til,) 

. ■. the angle SFG - the angle S'PO, 

or PC bisects the angle SFS', 

.: S6 ; S'ff :: SP : ITF, {Euclid, VI. 3.) 

.■. SO : SG + S'0 :: SF : SP+ S'F; 

or Sa : SS' :: BP : AA'; 

ox SO : SP :: SS' : AA' ; 

mSG : SF :: OS : CA. 



Cor. Hence also, 



S'O : S'F:: CS : CA. 



31. If the normal at F meet the major ^^lo ... .j, ... 
.■ . . .^. _,:_. p^ ^Yim (see Jig. Prop. XI 



e, and PS 



31. it tlie normal at .f n 

be the ordinate at the point _, 

jVe : NO :: BO'- : Ji^. 

Draw MFM' parallel to the axis meeting the directrices in 
M and M' ; join .SP, SP; then, since FG bisects the angle 
SPS', (Prop. XI.) 

.-. S'O : SS :: S'P : SP, 
:: PM' : I'M, 
:: X'N : XN, 
.: S'G-SG : S'G + SG :: X'N- XN : XA + XN; 
or2Ce : SA" :: 2 0N : XX'. 
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Alternately, 2 CG : 2CN :: SS' : XX'; 
or CG : GA^ :: CS : CX, 

:: CS'i CA\ [Prop.M. Cor.) 
.-. CX-CG : CX :: CA' - CS' : CA'; 
otXG : CN :: BC : AC\ 



Peop. XIII. 

32. If PX be the ordinate of any point P on the ellipse 
then 

PX' : AX.A'N :: BC : AC\ 




Produce XP to meet the auxiliary circle in the point Q, 
and draw the tangents PT, QT meeting the major axis pro- 
duced in the point T. {Prop. X.) 

Join GQ, and let the normal at P meet the ellipse in G ; 
then, "by the last Proposition, . 

XG : CX :: BC" : AC\ 

And rectangles of the same altitude ai'e to another as their 
bases, 

.■, TX . XG : TX . CX :: BC^ : AG'; 
or PX^ : QX' :: BC : AC\ {Euclid, VI. 8, Cor.) 

But QN^ = AN. A'N, 

since tlie angle A QA' in a semicircle is a right angle, 

.-. PX'^ : AX . A'X :: BG' : AC\ 

Cor. ]. Also PN : QX :: BG -.AG. 

This result is the basis of many of the future Propositions 

of the ellipse. 
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Cor. 2. Since PiV : QN" :: BC : AC\ 

.-. -PA" : AC^ - G2P i: BG' : AC, 

.-. FN' : AC - CN^ - FN" :: BC : ^C - BC, 

or P7f" : AC - CP" :: BC : AC - BC. 

Now FN' is always less than 5C", 

.'. CP^ is greater than BC, 

.'. BC is the shortest line that can be drawn to the ellipse 

from ihe centre. 



TitOP. XIV. 

If the tangent at any point P of 
minor axis CB produced in (, and Fi 
angles to CB ; then 

Ct Cn =- BC 



an ellipse meet tlie 
be drawn at right 




Draw the common ordinate NPQ to the ellipse and tlic 
auxiliary circle; and let the tangents at P and Q to the 
ellipse and circle respectively meet the major axis produced 
in T {Prop. X) and the minor axis produced in ( and U. 

Join CQ meeting Pn in R; then since PR is parallel 
to GN, 

CR : CQ :: FN : QN, 

:: BC : AC. {Prop. XIII. Cor. 1.) 
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But CQ - AC, 
.-. CB-BC. (1) 
Again, joining Rt, 

Ot : on :: FN : QN, 

:: OR : CQ, 

.-. Ri is parallel to QU, 

. '. ORt is a right angle, 

.-. Ct On- OR' {E,did, VI. 8, Oor) 

But OB - BO, (I) 
.■. Ct. On- BO: 
This proposition also admits of a demorrstration similar to 
that given for the corresponding property of the hyperbola. 

Prop. XV. 

33. If from the foei S and S', SY, and S'Y' are draivn at 
i-ight angles to the tangent at P, then Y and Y' are on the 
circumference of the auxiliary circle, and 
SY.S'T -BO: 
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Join SP, S'F, and pvodnoe SY .nd S'F to meet in W ; 
and join CY; tlicn 

since tlie angle SPY = tlie angle WP F, (Pro^. VII. Coc.) 
and the angle SYP- tlie angle W YP, 
and the side PTis common to the triangles SPY, WPY, 
-■. the triangle /?i'F= the triangle WP Fin all respects, 
.■. SP-PW, 
.-. SP+SP-S'W. 
Ent SF+ S'P-AA', (P;p. III.) 
.-. S'W-AA'. 

Again •.■ SC-S'OmiSY- YW, 

.: SO : S'O :: SY : YW, 

.-. oris parallel to S'lf, 

,■■ CY : S'W :: CS : SS', 

.: OY-iS'W- CA, 

So CY' - CA, 

.■. Y and Y' are points on the auxiliary circle. 

Next let YS he produced to meet the atixilhary circle in 
Z, and join ZY' ; tlien 

since tlie angle .^ FF' is a right angle, 
.', ZY' passes through the centre C, 
.■. the angle SC^. the angle S'CF'. 
.'. SZ-S'T, 
.-. SY.S'Y'-SY.SZ, 

-AS.A'S, (Mudid, III 36) 
- CA- - as; (Eudid, II. 6) 
-BC. (Prop.YV.) 

Cor. If CP be drawn parallel to the tangent at P, meeting 
ifPiii £; then 
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since the figure C YPE is a parallelogi^at 
.-. PE= GY^AG. 



34. To draw a pair of tangents to an ellipse from an ( 
ternal point 0. 




Witli centre S' and radius equal to AA' describe a circle. 

Join 08, 08'; and let SO or 8'0 produced meet the 
circle in the point J. 

Now, if be a point outside the circle MIM', it is evident 
that 08 is greater than 01; and if be inside the circle, 
since 08 + 08' > AA' or 8' I, {Prop. V.) 
.-. 08 > 01. 

With centre and radius 08 describe another circle 
cutting the former in the points M and M', which it will 
always do since OS is gi-eater than 01. 
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Join 8'M, S'M', meeting the ellipse in tlie points P and P'. 
Join OP, OP' ; these will be the tangents reqitircj. 
Join SP, SP ; then, since 

SP + S'P - AA' - S'M, 
.: 8P-FM. 
And ■.■ SP, PO - MP, PO each to eacii, 
and OS- OM, 
. •. the angle OPS- the angle 0PM, 
.-. OP is the tangent at P. {Prfrp.Nll. Cor.) 
So OP is the tangent at P'. 

PlOP. XVII. 

If from a point a pair of tangents OP, OP' hs drawn 
to an ellipse, then OP and OP will subtend equal angles at 
either focus. 

Join SP, S'P; SP, S'F ; and produce SP, S'P' to M 
and M', making Pi/ equal to SP, and FM' equal to SP. 
Join OM, OM'; OS, OS'. 

Then since OP, PS - OP, PM. each to each, 

and the angle OPS - the angle OPJf, (Proj,. VII. Otr.) 

.-. OS- OM, 

and the angle OSP - the angle OMP. 

So OS - om; 

and the angle OSF = the angle OM'P', 
.: OM- OM'. 
Again, ■.■ S'M- SP+ SP- AA', 
and S'M - S'P' + SP - AA', 
.: S'M- S'M', 
And ■.• OS', S'M - OS', BM', each to each, 
and OM - OM', 
.-. the angle OS'M- the angle OS'M', 
and the angle OMS' - the angle OM'S'. 
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But the angle OMS' = the angle OSP, 
and the angle 0M'8''= tlie angle OSP\ 
.-. the angle 08P = the angle OSP', 
OP and OP' subtend equal angles at either focns. 



Prop. XVIII. 

35. If from an external point a pair of tangents OQ, 
OQ' be drawn to an ellipse, and GO be joined meeting the 
chord QQ' in V, and the ellipse in P; then 

(1.) Q^' will be bisected in V. 

(2.) The tangent at P will be parallel to QQ . 

(3.) CPwill be a mean proportional between CFand CO. 




Produce OQ, OQ' to meet the major axis produced in T 
andr. 

Draw the ordinates J^Q, N'Q, and produce them to meet 
tlie circle in g and '/. 
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Then Tq and T'q' will be tangents to the auxiliary circle, 
[Prop. X,) 

Let Tq and T'q' be produced to meet in o ; join Co meeting 
the chord q^ in v, and the circle Yap. 

Now, since the corresponding ordinatea of the ellipse and 
auxiliary circle are in the constant ratio of BO to AC, the 
three lines ol, pm, vn drawn at right angles to AA' will pass 
through the points 0, P, V respectively. 

For, according as is the point where ol meets 'PQ or 
TQ" we shall have 

10 : lo :: NQ : Nq, 
:: BC : AG^ 
or 10 : lo :: N'Q' : N'q, 
:: BC : AC, 
.'. Oo is perpendicular to AA'. 
So Pp and Fv sxe. perpendicular to A A', 
.'. Oo, Pp, Vv are parallel. 
Hence (1.) QV : YQ :: qv : vq. 

But qv — vq' from the circle, 
.-. QV^VQ'; 
or QQ' is bisected in V. 
(2.) Since NQ : Nq :: N'Q' : ITq' 

it is evident that QQ' and qq will meet the axis produced in 
the same point. 

Also the tangents to the ellipse and circle at P and ji 
respectively will meet the axis in the same point. 

Now in the circle the tangent at p is manifestly parallel to 

and i\'"^ : Nq :: mP : mp, 
.'. the tangent at P is parallel to QQ. 

(y.) If Gq be joined, since the angle Cqo is a right angle 
and Co is perpendicular to qq, 

.: Cv : Cq :: Cq: Co, {Euclid, VI. 8 Cor.) 

or, since Cq — Cp, 

Gv : Cp :: Gp : Go. 
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ButC» 


Cp : 


CV : 


CP, 


and Cp 


Co : 


CP ■ 


00, 


.-. cr 


GF : 


OP 


CO, 


.: CO . OV 


= 0P- 





Co"r, From this it is manifest that if any numter of chords 
he drawn parallel to each other in an ellipse, their middle 
points will all lie on the line drawn from the centre to the 
point where the tangent parallel to the chord meets the 
ellipse. 

Def. The line PCP' drawn through the centre of an 
ellipse and meeting the curve in P and P, is called a Diameter. 

The diameter consequently bisects all chorda parallel to 
the tangents at its extremities ; and the tangents at the 
extremities of any chord will intersect the diameter corre- 
sponding to that chord in the same point. 

36. Dep. If CD be drawn parallel to the tangent at P, 
then CD is said to be conjugate to CP. 



In the ellipse if CD be conjugate to CP, then will CP I 
" -^^ to CD. 




Draw the ordioates PN, DP, and produce them to meet 
the auxiliary circle in the points p, d. 

Join CP, Cp ; CD, Cd ; and draw the tangents TP, Tp ; 
T'D. T'd 

Now, since CD is pai'allel lo PT, 
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.'. the triaugle PNT is similar to tlie triangle DRC. 
.-. TN : CIt :: FN : DR, 

:: Np : Sd, (Prop. XllL Cm:) 

.■. Tp is parallel to Cd, 

.■. the angle pCd is a right angle, 

.". Cp is parallel to I'd, 

. ■ . tlie triangle p CN is similar to the triangle dTIt, 

.-. NC : BT ;; Np : Bd, 

:: NP : BD, 

.-. CP is parallel to Cr, 

.■- CP is conjugate to CD. 

Cob. Since GRd and GNn are each similar to dBT, 
Euclid, VI. 8) 

.'. the triangle CBd is similar to the triangle f7iV^J, 
and the side Cd = the side Cp, 
.*. the triangle CRd — the triangle GNp in all ri 
.-. CN-Ed,»niGB-Np. 



Hence DB : CN 



also PN : CB 



: SB 
: BC 



Bd, 
AC; 
Np, 



Prop. XX. 

,';7. If CP and OD he conjugate semi-diameters, and PN, 
DRhe ilie ordinates of the points P and I) ; then 
(1.) CN- + CB' - AC. 
(2.) PN+DB'-BC. 
(3.) CP' + CB--AO' + B C. 
e2 
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Produce NP, MD tn meet the auxiliary circle in the points 
I, d ; then 

Ciy=_BJ, (Prop. XIX. Cor.) 
.-. 0!f' + CE' = Bd''+ Clf, 

- Cci; 



Again, PN : Np 

.-. PIT : Np' 

So fli? : Ed' 

. PS' + BE' : Np' + 



:: DC : AC, 
:: BC : AC 
:: BC : AC, 
Ed' :: BC : AC; 



bnt SP' + Ed' = OE' + CW, 

-AC, 
.-. PN' + SS' - BC, 
and CN'+OE' = AC. 
.: CP' + CD' = AC + BC 

38. Def. a line Q V drawn parallel to the tangent at P, 
and meeting GP in V, ia called an Ordinate to the diameter 
OP. 



If QV he any ordinate to the diameter PGP' , and CD be 
conjugate to CP; then 

QV : PY .P'V :: CV : CP: 
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■ the tangent UQW meeting CP and CD produced 
Lod W] and draw QR parallel to C-P, meeting CD in B. 

CD : CW, (iVoj). XTIII.) 
CM : CW, (Euclid, VI. 20 6V.) 
ur : CU. 




Again, 

since Cn : CP :: CF 
.-. CU : or :: CP' 

.-. ou-cr : CU 

or if 7: CU 
Hence QF' : CU" 

otQV ■ pv.pr 



cr, (Prop, xvm.) 

CV, (Eiioiia, VI. 20 Co.-.) 

cP'-cv : Cp; 
pv.p'v : op: 
pv.FV : cp: 

CD- : op: 



39. The area of any parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
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diameters is equal to the rectangle contained ty the axes of 
the ellipse. 

Let PCP', BCD' be a pair of conjugate diameters, and 
let a parallelogram be formed by drawing tangents at the 
points P, P', D, D'. 




Let the tangent at P meet CA produced in T; join D'T. 

Draw the ordinates PN, BR, P'S' ; then since P2' is 
parallel to CD', the parallelogram Pff is double the triangle 
CTD', and therefore equal to the rectangle contained "hj CT 
and SB'. 

Now iTiJ' : ON:: BG : AC, {Prop. XIX. Cor) 
.-. OT. B^R' : CT. CN :: BG : AC, {Euclid, VL 1.) 
:; BG.AG : A0\ {EucUd,^!. 1.) 
But CT.CN^AG\ 
.-. GT .lyp: = AG.BG, 
.*. the parallelogram BL' ~ 4 the parallelogram Pi/, 
^AAG.BG, 
=^AA'.BB. 
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Cor. If PF be di-iiwn at right angl 
CD' in F; then 



55 
i to BCD' meeting 



PF . CD' — area of parallelogi 
^AC.BC. 



Prop. XXIII. 

40. If CP and OB be conjugate diametcvs, and PF be 
drawn at right angles to CD meeting GA in (Jf, tlien 
PF.PO = BC\ 




Draw tlie ordinate PN, and produce it to meet CI/ in K. 
Also draw Pn at right angles to GB, and let the tangent 
at P meet CB produced in t. 

Now since the angles at N and F are right angles, it is 
evident that a circle may be described about the quadrilateral 
figure NKFG ; 

.■. PG . FF^ PN. PK, {Euclid, III. 36 Cor) 
= Gt . Oil, 
= BC\ {Prop. XIV.) 
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Pkop. XXIV. 

41. It P be imj point on the ellipse, and CI) be eonju.tjate 
to OF, then 

SP . S'F = Clf. 




Draw the normal PG and produce it to meet Cff in 
then since Ciy is parallel to the tangent at P, 
.-. FFis at right angles to C/y, 
.-. PF.CD = AC .BC, {Prop. XXII. Cor.) 
mi PF . PG - BO' = BC . SC, (Prof. XXIII.) 
.-. CD : PG :: AC : BC (1) 
Again, SF ; SG :: CA : CS, 
ST : B'G :: GA : CS. 
Componnding SP . S'F 
.-. SP.S'P : 8P.ST-, 
ButSP. S'F- BO. S'G 



XL) 
XI.) 
SG . S'G :: CA' : CS", 
i. SO v. CA' : CA' - CS: 
Pff, {Emlid, VI. Prop. B) 



.'. SP. S'F : PG' :: CA' : BC. 
But from (1) CD' : FO' :: CA' : BC, 
.-. SP. S'F = CH". 
lis proposition may also be very easily deduced froi 
..XV. 
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42. The area of the ellipse is to the area of the auxiliary 
circle 3.3 BG to AC. 




Let PA'' and F'N' be two ordinates of the ellipse near 
together. 

Produce NP, N'F', to meet the auxiliary circle in Q 
and q. 

Draw Pm, Qn, perpendicular to Q'N'. 

Then 
the parallelogram FN' : the parallelogram ON' : : FN : Q ;V, 
■.-.BG-.AC. 

And the same will be true tor all the parallelograms that 
can be similarly described in the ellipse and auxiliary circle. 

Hence the sum of all the parallelograms inscribed in the 
ellipse Js to the sum of all the parallelograms inscribed in the 
circle as -BC to AC. 

And this holds however the number of parallelograms be 
increased. 

But when the number of parallelograms is increased, and 
the breadtli of each diminished indefinitely, the sum of the 
parallelograms inscribed in the ellipse will be equal to the 
area of the ellipse, and the sum of those inscribed in the 
circle to the area of the circle. Hence 

the area of the ellipse : the area of the circle :: BO : AG. 
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43. Def, If with a point on the normal at P ns centre, 
and OP as radius, a circle be described touching the ellipse 
at P, and cutting it in Q; then, when the point Q is made to 
approach indefinitely near to P, the circle is called the Oircle 
of Curvature at the point P. 



If PH be the chord of the circle of cui-vatnre at the point 
P.of an ellipse, which passes through the centre ; then 
PH . CP=2CD\ 

Let PP be the tangent, and PG the normal at the 
point P. 




With centre 0, and 
ellipse in the point Q. 

Draw RQ^¥ parallel to CP, meeting the 
TP produced in P. 



OP, describe a circle cutting the 
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Also draw QV parallel to PH, meeting the diameter PP' 
in V; then since SP touches the circle at P, 

.-. F.Q.BW- Fli'. {Euclid, III. 36) 

orPF.Plf- QV. 

SutQV-.Pr.F'Vv. CD' : op; {R-Of. XXI.) 

.-. PY.BW: PY.PV :: OB' : OP', 

orPF : FY :: CD' : CF'. 

Now, when the circle becomes the circle of cnrvattire at P, 
the points E and Q move up to, and coincide with P, and the 
lines H W and Piif become equal, while 

PF becomes equal to FF', or 20F. 
Hence, PlI : iCF :: CD' : OP', 

.-. FIl . OP : 20P' :: 2CB' : 2CP', 
.-. PH. CP = '20D: 

PaoP. XXVII. 

If FU be the diameter of the circle of curvature at the 
point P of the ellipse, and FF be drawn at right angles to 
OD; then 

FU.PF-2CIf. 
Since the triangle PHUh similar to the triangle PFC, 
.■. FU: FH :: CF : FF, 
'■ FV .FF-PH. OP, 

= 20D: (B-oy. XXYL) 

Plop. XXVIII. 

If PI be the chord of the circle of curvature through the 
focus of the elbpse ; then 

PI. AC- 20D'. 
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; then, since tlic tria 



Let PI meet CD ii 
PA'F arc similar, 

.-. PI : PU ;: PF : PE. 
But PE= AC, (Prop. XV. Cor.) 

.-. PI : FU :: PF : AC, 
.-. FI.AC^l'U.PF, 

= 2Ci>^ {Prop. XXVII.) 



PKOP. XXIX. 

44. If two chords of an ellipse intersect one another, the 
rectangles contained "by their segments are proportional to 
the squares of the diameters parallel to them. 

Let POP" be any chord drawn through the point 0, and 
let CD be the semi-diameter parallel to it. 

Draw the ordinates NP, NT', MD, and produce them to 
meet the auxiliary circle in Q, Q', D' ; then 

since NP : NQ :: N'P' : N'Q!, {Prop. XIII. Cor.) 
it is evident that PP' and QQ' will meet the axis produced 
in the same point T. 




Also since NP : NQ :: MD : MU, {Prop. XIIL Cor) 
and TPP' is parallel to CD, 
.-. rg<>' is parallel to CD'. 
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Draw EO parallel to NQ or N'Q', and produce it to meet 
QQ' in O; then 

PO : Q<y :: TO : TO', 
aiidP'O : Q^O' :: TO : TO', 
.-. FO.FO : Q a . Q'O' :: TO' : T0'\ 
Clf : GD'", 
CD' : A C\ 

Alternately, PO . F' : CB' :: QO' . Q O : AC". 
Again, if through the point any other chord pOp' he 
drawn, 

since £0 : EO' :: BC : AG, 
it is manifest that the corresponding chord jg' in the auxiliary 
circle will pass through the point 0' ; and if Cd be the semi- 
diameter parallel to pp' we sliall have as before, 
pO.pO : C'P :: qC .^a : AC\ 
BatQO' .Q'0' = qO' . qO\ {Euclid, III. 35) 

.-. PO .P'O : CD' :: pO.p'O : Gd\ 
oyPO. FO : pO.p'O :: CD' : Cd\ 
The same result may be shown to he true when the point 
is without the ellipse. 



Pitor. XXX. 

If QVQ' be any ordinate to the diameter CP, the circle 
described through the three points P, Q, (^ will intersect the 
ellipse in a fourth point, whicn depends only upon the position 
of P. 

Draw the ordinate PN, and produce it to meet the eliipse 
in P' ; Uien, since, if ^2" be the subtangent of either F 
orP', 

CT.GN=AC\ {Prop. IX-) 
therefore the tangents at P and P' will meet the major axis 
produced in the same point T. 
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Draw PS parallel to TF , meeting tlic ellipse in E, and 
QQ,' in 0; then if OD and CD' be drawn parallel re- 
spectively to TP and TP' , meeting the ellipse in D and D', 
PO.OR : QO. OQ' :: C-D" : 0D\ (Prop. XXIX.) 
But OJy = GTJ, since OP' = GP, 
.-. PO.OB^QO. OQ'. 

Hence, by tlie converse of Mudid III. P)-o^», 22, the point 
R is on the circle which passes through P, Q, Q'. 

COE. When the point V is brought indefinitely near to P, 
QQ' coincides with the tangent to the ellipse at P, and 
becomes also a tangent to the circle at P since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of cui-vature at the point P. 

Hence, if PR be drawn parallel to the tangent at P, or be 
eqnally inclined to the axis with PT, it will meet the ellipse 
in the point where the circle of curvatnie at P intersects the 
ellipse. 
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1. Is what position of P is tlic angle SPS' greatest? 

2. The latus rectum is a third proportional to the axis 
major and axis minor. 

3. Construct on the axis minor as base, a rectangle which 
shall be to the triangle 8L 8' in the duplicate ratio of the 
major axis to the minor axis, L being the extremity of the 
latus rectum. 

4. If a series of ellipaes be described having the same 
major axis ; the tangents at the extremities of their latera 
recta will all meet the minor axis in the same point. 

5. Find the locus of the centres of all the ellipses having 
the same focus, and their major axes of the same length, and 
touching a given straight line. 

6. Given the foci, it is required to describe an ellipse 
touching a given straight line. 

7. If PT be a tangent to an ellipse, meeting the axis in T, 
and AP, A'P, be produced to meet the perpendicular to the 
major axis through T inQ and Q', then QT=QT. 

S. If the angle SB8' be a right angle, prove that 

9. If OP be a semi-diameter, and AQO \>& drawn parallel 
to GP meeting the curve in Q, and GB produced in 0, then 
CP^= AO.AQ. 

10. If AB, CD, which are not parallel, make equal angles 
with either axis, the lines AG, BD, as also All, BC, will 
make equal angles with either axis. 
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11. PSp is any focal chord. PA and pA arc produced to 
meet the directrix in Q and q. Prove tliat tlie angle QSq is 
a right angle. 

12. If a circle be described touching the axis major in one 
focus, and passing through one extremity of the axis minor ; 
A will be a mean proportional between the diameter of this 
circle and B G. 

13. If PQQP' be a chord of the auxiliary circle, and a 
circle be described on the minor axis as diameter, cutting the 
chord in Q and <^, then PQ.PQ = GS\ 

14. If PG be the normal at P, and OL be drawn at right 
angles to SP, then PL = ^ latus rectum. 

15. The sum of the squares of the normals at the ex- 
tremities of conjugate diamctera is constant. 

16. If on the normal at P, PQ be taken equal to the serai- 
conjugate diameter CD, the locus of § is a circle whose 
radius is ^0 — BG. 

17. Find the locus of the intersection of a pair of tangents 
at right angles to each other. 

18. P is any point on an ellipse. To any point Q on 
the curve draw AQ, A'Q, meeting NP in B and S, and 
prove that NB . NS = NP'. 

19. If P& be a normal, and GL perpendicular to SP, the 
ratio of GL to PiV" is constant. 

20. If NP produced meet the tangent at the, extremity of 
the latus rectum in Q, then QN= PS. 

21. In an ellipse the tangent at any point makes a greater 
angle with the focal distance than with the perpendicular on 
the directrix. 

22. A diameter of an ellipse, parallel to the tangent at any 
point, meets the focal distances of the point, and from the 
points of intei-section lines are drawn perpendicolar to the focal 
distances. Prove that these lines intersect in the axis minor. 

23. The subnormal is a third proportional to GT and £ C. 



y Google 



CONIC SECTIONS. 65 

24. If PW be the ordinate of P, prove that NY : NY' :: 
PY : PY'. {See Jig. Prop, XV.) 

25. If from C lines be drawn parallel and perpendicular to 
the tangent at P, tliey inclose a part of one of the focal 
distances of that point equal to the other. 

26. If P be a fixed, point on an ellipse, and QQ' an 
ordinate to CP, the circle QPQ' will meet the ellipse in 
a fixed point 

27. P is any point on an ellipse. Draw PP' parallel to the 
axis major, and through P' draw P' Q, P'Q, making equal 
angles with the major axis. Join QQ' ; then QQ i?, parallel 
to the tangent at P. 

28. What parallelogram circumscribing an ellipse lias the 
least area? 

29. "When is the square of the sum of conjugate diameters 
least? 

30. Given the axes of an ellipse, and the position of one 
focus, and of one point in the curve, give a geometrical con- 
struction for finding the centre. 

31. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet the conjugate CD in M 
and N, then CM . GN= CD\ 

32. If GP and CD be conjugate, prove that 

(SP ~ACf+ {8D ~ACJ = SC\ 

33. If CP and CD be conjugate, and BP, BD be joined, 
as also AD, A'P, these latter meeting in 0, then BDOP is a 
parallelogram. When is the area greatest? 

34. If PSp, QCq be two parallel chords through the focus 
and centi'e of an ellipse, prove tliat 

8P. S^ : CQ.Cq :: BC : AC. 
'65. If the tangent at the vertex A cut any two conjugate 
diameters in T and (, then A2\ At = BC\ 

36. If the tangents at three points P, Q, P, intersect in 
if,, Q^ P, prove that 

PP, . P,Q . QR = PQ, . R,Q . P,R. 
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37. If a circle be described toucliing SP, S'P produced, 
and tiie major axis of the ellipse, find the locus of the centre. 

38. If from the extremities of the axes of an ellipse any 
four parallel lines be drawn, the points in which they cut the 
curve are the extremities of conjugate diameters. 

<(9. If two equal and similar ellipses have a common 
centre, the points of intersection are at the extremities of 
diameters at right angles to one another. 

40. If PSQ he a focal chord, and X the foot of the 
directrix, JfPand XQ are equally inclined to the axis. 

41. OP, OQ are tangents to an ellipse, and P^ is produced 
to meet the directrices in P, M', prove that 

EP.B'P: EQ : B' Q .:: OP^ : 0(t. 

42. NPQ is a common ordinate to the ellipse and auxiliary 
circle. PR, QB are normals at P and Q intersecting in B. 
The locus of -B is a circle whose radius i& AG -^ B G. 

43. If the conjueate to GP meet SP, S'P, or these pro- 
duced in U, E' ; then BE = S'E', and the circles circum- 
scribing 8GE, S'GE" are equal 

44. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse, 

45. The circle described about the triangle SBS' will cut 
the minor axis in the centre of the circle of curvature at B. 

46. The locus of the centre of the circle inscribed in the 
triangle 8 PS' is an ellipse. 

47. If a circle be described intersecting an ellipse in four 

Joints, and chords be drawn through the points of intersection, 
jameters parallel to the chords will be equal. 

48. An ellipse slides between two lines at right angles to 
each other, find the locus of its centre. 

49. If from the focus S perpendiculars be drawn upon the 
conjugate diameters CP, CD, these perpendiculars produced 
backward will intersect CD and OP in the directrix, 

50. Find the point at which the diameter of curvature is a 
mean proportional between the major and minor axes. 
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51. The circle of curvature at a point, where the conjugate 
diameters are equal, meets tlie ellipse again at the extremity 
of the diameter, 

52. The locus of the intersection of lines drawn from A, A' 
at right angles to AP, A' P is an ellipse. 

53. If a quadrilateral figure be inscribable in two ellipses 
whose major axes are parallel or perpendicular, any two of 
its opposite angles will be equal to two right angles. 

54. If GN, 2^P are tlie abscissa and ordinate of a point 
Pon a circle whose centre is C, and NQ he taken equal to 
NP, and be inclined to it at a constant angle, the locus of Q 
is an ellipse. 

55- If two ellipses having the same major axes can be 
inscribed m a parallelogram, the foci wiU be on the corners of 
an equiangular parallelogram. 

56. Two ellipses, whose major axes are equal, have a com- 
mon focus. Prove that they intersect in tn'o points only. 

57. A circle described about the triangle 8F8' cuts the 
minor axes in M on the opposite side to P. Prove that SM 
varies as the normal PG. 

58. If r and B be the radii of the circles inscribed in and 
about the triangle SPS, prove that R . r varies as SP . S'P. 

59. The circle described upon P(? as diameter cuts BP, 
S'P'mKaxiAL. Prove thatXi is bisected by PC, and is 
perpendicular to it. 

60. If from jS' a line be drawn parallel to 8P, it will meet 
iSF in the circumference of a circle. 

61. T and t are the points where the tangent at P meets 
the axes. OP is produced to meet in L the circle described 
aboui the triangle TGt; prove that PL is half the chord of 
the circle of curvatm-e at P in the direction of C, and that 
GP . CL is constant 

62. About the triangle P^S an ellipse is described, having 
its centre at the point where the lines drawn from P, Q, M to 
the middle points of the opposite sides meet. OP, CQ, CM 
are produced to meet the ellipse in P', Q', E'. Prove that 



y Google 



68 COSIC SECTIOKS. 

tlie tangents at P', Q', R' form a triangle similar to PQR, 
and four times as large. 

63. Lines from Y and F' perpendicular to tlie major axis 
cut the circles on BP, S'P as diameters in I and J. Prove 
that 18 and JS' when produced, intersect BG in the same 
point 

64 If flora the endy of any diameter chords be drawn to 
any pomt in the ellipse, the diameters parallel lo these chords 
will be conjugate 

65. If T be the angle between tangents at tlie extremities 
of a focal chord, and the angle subtended by the chord at 
the other focus, then 

22'+ = 2 right angles. 

66. The acate angles which SP, S Q make with the tangents 
are complementary. Prove that BC is a mean proportional 
between the areas of the triangles 8PS', SQS'. Also, show 
that the problem is impossible unless BG < GS. 

67. A series of ellipses have their equal conjugate diameters 
of the same magnitude. One of these diameters is fixed and 
common, while the other varies. The tangents drawn from 
any point in the fixed diameter produced will touch the 
ellipses in points situated on a circle. 

68. If on the longer aide of a rectangle as major axis an 
ellipse be described, passing through the intersection of the 
diagonals, and lines be drawn from any point of the ellipse 
exterior to the i-ectangle to the ends of the remote side, they 
will divide the major axis into segments, which arc in geo- 
metric progression. 

69. From any point P of an ellipse PQ is drawn at right 
angles to SPmeeting the diameter conjugate to GP in Q. 
Prove that PQ varies inversely as the perpendicutar from P 
on the major axis. 

70. In an ellipse SQ and S'Q, drawn at right angles to 
a pair of conjugate diameters, intersect in Q. Prove that the 
locus of Q is a concentric ellipse. 
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CHAPTER IIL 

THE HYPERBOLA. 

45. Dep. The Hyperhola is the carve traced oat by a 
point which moves in such a manner that its distance from 
a given fixed point contimially bears the same ratio, greater 
than unity, to its distance from a given fixed Knc. {See Intro- 
duction.) 

Prop. I. 

The focus and directrix of a hyperhola being given, to 
find any number of points on the cui've. 

Let 8 be the focus, and MX the directrix. 

Draw SX at right angles to the directrix, and divide SX 
in the point A, so that SA may be to J. X in the given tixed 
ratio, greater than unity ; then 

^ is a point on the curve. 
On SX produced take a point A', such that 
SA' : A'X :: 8A : AX; 
then A' will also be a point on the curve. 

On the directrix take any point M; and through S and M 
draw- the line SYMY', meeting AY and A'Y', drawn at 
right angles to AA', in the points F and F'; 

On YY' as diameter describe a circle, and draw PMP 
parallel to AA', cutting the circle in the points P and P'; 

P and F' will be points on the hyperbola. 
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Join FY, FY', SP; then since 

SY : YM :: 8A : AX, (Euclid, VI. 2) 
and SY' : Y'Mi: SA' : A'X, {Euclid, VI. 2) 
.-. SY : YM :: SY' : YM; 
or, alternatelj, SY : SY' :: YM : Y' M, 
and the angle YPY' in a semicircle is a right angle, 
.-. PF bisects the angle SFM,^ 
.-. SF : PM :: SY : YM, 
:: SA : AX. 

So we may show that 

SF' : P'M :■. SY' : YM, 



t, make tlie angle YPm equal to YPS; then 
SY : Ym :: SP : Pm. {Euclid, VI. 3.) 
, if FY biacct SPrn, FY' being at riEht angles to FY, also biae 



a between MP and SP produced ; 
.-. SY' : y'm 



: P™, {Euclid, VI. A.) 



,■- tlie points j)f and sra c( 
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:: 8A : AX, 
,-. i*and P are points on the curve. 

Ill the same way, by taking other points on the directiix, 
■we may obtain as many more points on the cui've as we 
please. 

CoH. 1. Since, corresponding to every point P on the 
curve, there is a point F' situated in precisely the same 
manner with respect to A'Y' as P is with respect to AY, it 
is clear that if we make A' 8' equal to j^l S, and .4 'X' equal to 
AX, and draw X'M' at right angles to AX', the curve 
could be equally well described witli S' as tbcus and M'X' 
as directrix. 

Tbe hyperbola is therefore symmetrical, not only with 
respect to the line AA', but also with respect to the line 00 
drawn through the middle point of YY' at right angles to 
and bisecting AA'. 

CoR. 2, The line Oi* produced will bisect the angle 8PW 
between 6^Pand /S'-P produced. 

Produce OPand 5'*Stomeetin Q-. Produce Pi/ to meet 
X'M' in M', and draw OS' passing through the point ilf'; 
then 

SP: PM:: S'P : PM', 
or, alternately, SP : S'P :: PM : PM'. (1) 

Again, SG : PM :: S'G : PM', 
or, alternately, SG : S' G :: PM : PM', (2) 
.■. from (1) and (2) 
SP : S'P :: SG : S'G, 
.-. PG bisects the angle SPW. {Euclid, VI. A.) 
It will be shown hereafter [Prop. IX,) that the normsd to 
the hyperbola at the point P also bisects the angle SP W. 
Hence the hypei-bola and circle have the same tangent at the 
point P. The hyperbola will consequently touch all the 
infinite series of cii-cles which can be described in the same 
manner as the one in the figure, by taking diiferent points on 
the directrix. 
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46. If (7 be the middle point of A A', tlien CA is a 
proportional between C8 and CX, 

or GS.GX^ GA\ {See fig. Prop. III.) 



AX, 



Since SA' 


■ A'X 


: SA 


AX. 


Alternately, SA' 


: SA 


: A'X 


AX, 


.-. SA' -SA 


: SA 


: A'X 


-AX 


or AA' 


: SA 


: XX' 


AX, 


.-. AA' 


. XX' 


: SA 


AX, 


or GA 


CX 


: SA 


: AX. 


Again, S^' 


: SA 


: A'X 


: AX. 


.'. SA' + 8A 


: SA 


: A'X 


i- AX 


«xSS' 


SA 


: AA' 


AX. 


Alternately, S8' 


: AA' 


: SA 


AX, 


or CB 


CA 


: SA 


AX. 


nee from (1) and 


2). 






CA 


CX 


: as 


CA, 




CA'. 


CX. CS. 



Or CA is a mean proportional between OS and CX. 

Cor. Since tbe three lines CS, CA, OX, are proportional, 
therefore, by the definition of duplicate ratio and Euclid, YI. 
20 Oor., 

CS 1 CX :: CS' : 0A\ (3.) 

Prop. III. 

47. If P be any point on the hyperbola, and S be the focus 
nearer to P; then 

8'P-SP = AA'. 
Since SP: PM:: SA -.AX, 

louid l)u remembered, as they will 
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C^' 


/ 

/ 


't a i 


4 d 
\ 
\ 

\ 



and SA : AX :: A A' : XX', {Prop. II,) 
.-. 8F: PM :: AA' : XX'. 
SoS'F -.PW i: AA' : XX', 
.-. 8'F- 8P : PM' - PM :: AA' : XX'. 
But PAP - PM = M3r = XX', 

.-. S'P-SP^AA'. 

Cor. By means of this property the hyberbola may he 
practically descrihed, and the form of the cuiTC determined. 

Let a rigid bar S' Q of any length have one end fastened 
at the focua S', in such a manner that it is capahle of turning 
freely round yS' as a centre in the plane of the paper. 

At the other end of the har let a string he fastened of such 
a length that when stretched along the har it shall just reach 
to within a distance equal to AA' from the end S' of the 
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If tlie loose end of tlie atring be now fastened to tlie focus 
S, and the rod being initially placed in the position S'S, be 
made to revolve round 8', while the string ia kept constantly 
stretched by means of the point of a pencil at P, in contact 
with the bar ; since S'P and 8P are always increasing by 
the same amount, viz. the length of the portion of the 
string that removes itself from the bar, between any two 
positions of P, the difference between S'P and 8P will be 
constantly the same, and the point P will trace out the 
hyperbola. 

Another perfectly similar branch may be described in the 
same manner by making the bar revolve round S as centre. 

In this ease S'P — SP will be ecLual to AA'. 

The curve, therefore, consists of two similar branches, 
which recede indefinitely both from the line AA', and also 
from the line BOB' drawn bisecting AA' at right angles. 
(See/^. B-op. IV.) 

48. If BChe taken of such a length that 
BC" = OS' - 0A\ 
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and GB' be made equal to CB, then AA' and BB' are called 
respectively tlie Transverse and Oonjucfale Axes. 

The line BGB' does not meet the hyperbola, and the 
reason of its being introduced will be seen further on. 

If the conjugate and transverse axes are equal, the hyper- 
bola is said to be rectangular or equilateral. 

The property of the hyperbola, which we have just inves- 
tigated, viz. that the difference between 8P and S'P is con- 
stant, is sometimes taken as the definition of the curve. {6'ee 
Chapter II. Art 25.) 

Also as in the ellipse, if 8L be the semi-la!:us rectum, it 
may be proved that 

SL,AO^BO\ 



49, The difference of the distances of any point from the 
foci of a hyperbola will be greater or less than AA', according 
as the point is on the concave or convex side of the curve. 




(1). Let (2 be a point on the concave side of the hyperbola. 
Join 8Q, 8'Q, and let 8'Q meet the curve in P; join 
8P; then 

since S'§= S'P-{-PQ, 
and 8Q< 8P+PQ, 
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.-. S'Q- SQ> S'F- SF. 
hatS'P- SP=AA', 
.-. S'Q- bQ>AA'. 

(2.) Let ^ be a point on tlie convex side of the curve, 
nearer to S than 8'; join 8Q, S'Q, and let SQ meet the 
curve in P; join 8'P; then 

8'Q<8'P^PQ, 
ani8Q = SP+PQ, 
.-. 8'Q- SQ<8'P- 8P, 
hatSP- 8P=AA', 
.-. 8'Q- 8Q<AA, 
so if Q be nearer to 8' than S, we can ahow that 
8Q^8'Q<AA'; 

COE. Coversely a point -will be on the concave or convex 
aide of the hyperbola, according aa the difference of its dis- 
tances from the foci is greater or leas than AA!. 



50. Det. If a point P' be taken on the hyperbola near to 
P (see fig. Prop. V.) and PP' be joined, the line PF' pro- 
duced, in the limiting position whieb it aaaumea when P' is 
made to approach indefinitely near to P, is called tlie Tangent 
to the hyperbola at the point P. 

Prop. Y. 

If the tangent to the hyperbola at any point P meet the 
directrix in the point Z, and if 8 be the focus corresponding 
to the directrix on which Z is situated, then 8Z will be at 
right angles to SF. 
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Let P' be a point in tlie cnrve near to P. 
Draw the chord PP', and produce it to meet the direcliix 
in Z; join SZ, 

Draw PM, P'M' at liglit angles to the directrix, and join 
8P., 8P'. 

Produce PS to meet the hyperbola in Q ; then since tlie 
triangles ZMP, ZM'P' are similar, 

.-. ZP : ZP' :; MP : M'P\ 
:: SP : SP". 
.-. 8Z biaccts the angle P'SQ. {Eudid, VL A.) 
Now, when P' is indefinitely near to P, and PP' becomes 
the tangent at tlie point P, the angle PSP' becomes in- 
definitely small, while the angle QSP' approaches two right 
angles ; and therefore the angles ZSP', being half of the angle 
P'SQ, becomes ultimately a right angle. 

Hence, when PZ becomes the tangent at the point P, the 
angle ZSP is a right angle, 

or SZ is perpendicular to SP. 
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Cos. 1. Conversely, if 8Z be drawn at right arij^les to SP, 
meeting the directrix in Z, and FZ be joined, PZ will be the 
tangent at P. 

Cob. 2. If PZ he produced to meet the other directrix in 
Z, and S'Z' be joined ; then 

S'Z h at riglit angles to S'P'. 

Cor. 3. The tfingeiUs at the extremities of the latus rectum, 
or double ordinate tlirough tlie focus, meet the axis in tlic 
point X 

PjiOi'. VI. 

The tangent to the liyperbola at any point P makes e^^nal 
angles with the focal distances (S'P and S'P. 




Let the tangent at P meet the directrices in Z and Z'. 

Draw PMM' at right angles to the directrices meeting 
them in M and M' respectively ; join 8Z, S'Z' ; then 
8P ■ PM :: S'P : Plff. 
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And since the triangles ZMP, Z'M'P are similar, 

FM : PZ:: PM' : PZ, 

.-. BP : PZ :: S'P : PZ'. {Ex cequali) 

Now in the triangles SPZ, 8' PZ "because the sides about 

the angles SPZ, SPZ' are propoi-tional, and the angles 

PSZ, PS'Z are equal, being right angles, and the angles 

SZP, S'Z'P are each less than a right angle, 

.-. the triangles SPZ, S'PZ' are similar. (Euclid, VI. 7). 
.-. the !iiig\e SPZ = S'PZ. 

pkop. vn. 

The tangents at the exti'emities of a focal chord intersect in 
the directrix. 

Let P8Q be a focal chord, and let the tangent P meet 
the directrix in Z. Join SZ; then 

the angle ZSP is a right angle, [Prop. V.) 
And .■. also the angle ZSQ is a right angle, 

.-. ZQ is the tangent at Q. {Prop. V. Cor. 1.) 
Or the tangents at the extremities of a focal chord intersect 
in the directrix. 



51. If the tangent at P meet the transverse axis in T, and 
PN be the ordinate of the point P; then 
CT. GN^CA\ 
Draw PMM' at right angles to the directrices meeting 
them in M and M. J oin 8P, S'P; then 

since PT bisects the angle 8FS', (Prop. YI.) 

.■. S'T : ST r. S'P : 8P, {Euclid, VI. 3.) 

:: PM' : PM, 

:: X'N: X.V. 
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.: S'T^ ST : S'T + 8T :: X'N-XN : X'N-^-XN 
01-2CT : 2GS :: 2CX i 2CN, 
01 GT : CS :: OX : CN. 
.-. CT. ON^CS. OX, 

= CA'. {Prop. II.) 
52. Def. The line PC, drawn at right angles to the tangent 
PT, is called the Normal to the hyperbola at the point P. 

Peop. IX. 

If the normal to the hyperbola at the point P meet the 
ti'ansverse axis in the point (?, and PN be the ordinate of 
the point P, then 

Na : NC :: BC : AC\ 
Draw PMM at right angles to the directrices, meeting 
them in M and M', and produce 8'P to W; then since 
the angle TPG is a right angle, 
.-. the angle WPG = the complement of the angle S'PT, 
and the angle SPCf = the complement of the angle SPT; 
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but tli6 aiiglo S'Pr = the angle SPT, 

.-. the angle WPG = the angle SPG, 

.-. PG bisects the angle SPW, 

.: S'G : SG :: S'P : SF, (Eudid, VI. A.) 

:: FlU' : PM, 

:: X'N: XN, 

.-. S'G + SG : S'G-SG :: X'N+XN : X'N-XN; 

miOG : SS' :: 2GN : XX'. 

Alternately, 20G : iClf :: SS' : XX; 

01 CG : ON :: OS : CX, 

:: OS' : CA'. (iVoy. II. Ow.) 
.-. CG -ON : ON :: OS" - GA' : CA'; 
oiNG : ON :: BC : AC. 

PjiOP. X. 

If FN be the ordinate of any point P on the hyjjerbola ; 
then 

FN- : AN.A'N :: PC" : AC. 
ForWG : NO :: BC : AC. 

And rectangles of the same altitude are to one anothet as 
their bases, {Euclid, VI. 1.) 

.-. TN.NG : TN.se :: BC' : AC, 
or FN' ; TN.SC :: BC" : AC. 
But TN. CN= CW - OT. CN, (Euelid. II. 2) 

. ON- - ca; (Pr<,p. viir.) 

- AN. A'N, (Euclid, II. 6.) 
.-. PA" : AN. A'N :: BC : AC 

Piior. XI. 

If the normal at any point P of an hyperbola meet the 
transverse axis in (r ; then 

.SO : SF ;: CS : CA. 
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Produce S'P to W; then 

since FG bisects the angle SPW, (Prop. IX.) 

SG : 8'G :: SP : S'P, 
.-. Sa : S'G - SG :: SP : S'P- SP, 
but S'P- SP- A A', {Prop. III.) 
and S'G -80= SS', 



.: SG : SS' :: SP 


AA', 


C! sa : SP :: SS 


: AA' 


or SG : SP :: OS 


OA. 


. Hence also, 




S'G : S'P :: OS : 


CA. 


Peoi', XII. 





53. If ti-om the foci 8 and ;S' of an hyperbola SY and S Y' 
are drawn at right angles to the tangent at P. then Y and Y' 
are on the circumference of the circle described on A A' aa 
diameter, and 

SY . s'Y = bg: 

Join SP, S'P, aud produce SY to meet S'P in 11^; join 
CY; then 

since the angle SPY = the angle WP Y, {Proj). VI.) 
and the angle SYP= the angle WYP, 
and the aide P I^ is eomraon to the triangles SPY, WP Y, 
.-. the triangle SPY- WP Y in all respects, 
,■. SP=PW,miSY= WY, 
... S'P- SP- S'W, 
but S'P - SP = AA', (Prop. III.) 

.-. S'W-AA'. 
Again, .-. «O.CS', andSF- IFF, 
.-, SB : CS' :: BY : YW, 
.-. CF is parallel to S'W, 
.-. CY : SW :: CS :: SS', 



y Google 



CONIC SECTIONS. 




aoCY.OA. 
,*. Y and Y are points on the circumference of tiie circle 
described upon AA' &a diameter. 

Next, let SY he produced to meet this circle in Z, and join 
ZY'; then 

since the angle .!? Z Y' is a right angle 
.-. Z Y' passes through the centre C, 
. ■. the angle 8CZ- the angle S'OY', 
.-. SZ-S'Y', 
. SY.S'T = SY.SZ, 

- SA . SA', {Euclid, III. 36 Cor) 
~cp- ga; (Emm, II. 6.) 
= BC: 
CoK. If CD be drawn parallel to the tangent at P meeting 
S'FinE; then 

since CEPY is a parallelogram, 

.-. PE= CY=AG. 

(32 
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54. To draw a pair of tangents to an hyperbola from an 
external point 0. 




Of the foci 8 and S", let 8' be that which is nearer to 0. 
With centre 8 and radius equal to AAl describe a circle. 
Join OS, S' ; and let 80 or SO produced meet the circle 
in the point I. 

Now if be a point inside the circle MIM' it is evident 
that 08' is greater than 01; and if be outeide the circle, 
since OS'- OS' <^^' or S/, {Pr<^.lY.) 
.-. 08-08" < 08-01, 
.: OS- > 01. 
With centre and radius OS' describe another circle 
cutting the former in the points M and M', which it will 
always do since 08' is greater than 01. 
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Join 8M, SAf, and produce them to meet the hyperbola 
in the points P and P'. 

Join OP, OP' ; these will be the tangents required, 
JoinS"P, S'P'; then 

since 8'P-SP= AA' ^ SM, 

.-. 8'P^PM. 

And .-. S'P, PO = MP, PO, each to each, 

and OS' = DM, 

.-. the angle OPS' = the angle 0PM, 

.-. O-P is the tangent at P. [Prop-Nl) 

So OP' is the tangent at P'. 

The points of contact P and P' will be upon the same 
or opposite branches of the hyperbola according as 8M and 
SM require to be produced in the same or in opposite 
directions with respect to S, in order to intersect the 
hyperbola. 

Peop. XIV. 

If from a point a pair of tangents, OP, OP' be drawn 
to an hyperbola, then the angles which OP and OP' subtend 
at either focus will be equal or supplementary according as 
the points of contact are in the same or opposite branches of 
the hyperbola. 

Let the points P and P" be on opposite branches of the 
hyperbola. 

Join PS, S'P; 8F, S'P. 

Produce PS to M, making PM equal to P8'. Also from 
PS cut off a part P'M' equal to P'S'. 
Join DM, OM'; 08, 08'. 

Then since OP, PS' = OP, PM, each to each, 
and the angle OPS' = tlie angle 0PM, {Prop. VI.) 

.-. OS' = OM, 
and the angle OS'P = the angle OMP. 
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Bo os'= om; 

and the angle OS'P' = the angle OM'P', 
.-. OM^ OM'. 
Again, ■.■ SM^ 8'P~SP = AA'. 
and SM' = SP' - 8'P' = AA', 
.: 8M = SM'. 
And ■■■ OS, SM^ OS, SM', each to each, 
and OM - OM', 
.-. the angle Si/ = the angle OSM, 
and the angle 0M8 = the angle OM'8. 
But OSM ia tlie supplement of 08P, 
and OMSis the aupplement of OM'P', 
.-. 08M' is the supplement of 08P, 
and Oi¥P the supplement of OM'P'. 
But OMP= OS'P, 
and OM'P'-= OS'P", 
.-. ST is tlie aupplement oi OS'P 
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Hence the angles which OP and OP' subtend either at S 
or S' are supplementaiy. 

In a similar manner if P and P' are on the same branch of 
the hyperbola, the angles snbtended either at B or S' may be 
shown to be equaL 

PeOP. XV. 

55. If the tangent at any point P of an hyperbola meet the 
conjugate axis in the point i, and Pn be drawn at right angles 
to GB; then 

0». Ct-BC. 




Draw PjV at right angles to CA ; then 

Ct ': OT :: PN : NT, 
.: Ct : PS :: OT : NT, 
.-. Ot. Cn : PN' :: CT . ON : ON .NT; 
or 01. Cn : CT. ON :: PN' : ON. NT, 

:: BC : AC. (P'np.X.) 
But OT. ON=AC; 
.-. Ct. Cn = BO'. 
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56. The proofs that we have given up to this point of the 
properties of the hyperbola are closely analogous to the 
corresponding propositions in the ellipse. Tlie remaining 

Eroperties of the hyperbola are more conveniently investigated 
y means of its relation to certain lines, which we shall 
presently define, called Asymptotes^ in the same manner as 
many of the properties of the ellipse were deduced from those 
of the auxiliary circle. 

Def. The hyperbola described (see Jia. Prop. XIV.) with 
G as centre, ana BB' as transverse axis, and A A' as con- 
jugate axis, is called the Conjugate Syperhola. Its foci, 
which will be on the line BOB, will evidently be at the 
same distance from C as those of the original hyperbola, 
since 

CS^= CA'+ CB\ 



Prop. XVI. 

If through any point R on either of the diagonals of the 
rectangle formed by drawing tangents to the hyperbola and 
its conjugate at the vertices. A, A', B, B,' two ordinates 
RPN, RDM, be drawn at right angles to AA' and BB', and 
meeting either the hyperbola or its conjugate in the points P 
and J) ; then 

liN'^PN' ^BG\ 
s.ni BM^ -^ DM' = AC. 
Let 7J be a point on the diagonal CCO; tlien 



RN' : CN' 



: AO" : AC\ 
BC : AC\ 
BC : AC; 
BC : AC; 



aniPN' : CN^ - CA' 
... UN' -FN' : GA" 

.-. RN^-PN'^ BG\ 
Again, ii:Jlf= : GM^ :: AC : BC, 
and DM' : CM' ~ CB' ■.: AC : BC ; 
,■. MM' -DM' : BC :: AC^ : BC; 
.-. pap - DM' ^ AG". 



(B-op. X.) 



{Prop. X.) 
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In exactly the same manner, it' l^M had been produced to 
meet the conjugate hyperbola in P, and JfiJ had been produced 
to meet the original hyperbola in D, we should have had, 

Cor. If SP be produced to meet the hyperbola in p, 
and- the other asymptote in r ; then 

UN' - FN' = EP. Ft; (Euclid, II, 5) 
,■. BP.Pr^BO\ 

Hence as PPN is further removed from A, and the line 
Pr consequently increases, since the rectangle contained by 
EP &hA Pr remains constant, EP must diminish, and by 
taking E sufficiently far from G, IIP may be made less than 
any assignable magnitude. The line GE, therefore, con- 
tinually approaches nearer and nearer to the hyperbola, though 
it never actually reaches it. 
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On accnnnt of this property, CR is called an Asymptote to 
the hyperbola. 

So also if i* be the point where NR pi'oduced meets the 
conjugate hyperbola, we shall have 

RP .Pr^BG'; 

and thcrcl'ore GR is also the asymptote to tlie conjugate 
hyperbola. 

In the same manner it may be shown that the other 
diameter o Go' of the rectangle 0(7 is an asymptote to both 
hyperbolas. 



57. If E be the point where the asymptote meets tiie 
directrix ; tlien 
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For by similar triangles, 

OE : CO :: OX : OA, 

:: CA : OS. (Prep. II.) 
Bat CC - CA' + OB' - CS'; 
.-. CO-CS; 
.-. CE=.AC. 
Coi!. If SE be joined, since 

CE' = OA'-CS. OX, 
. . the angle OES ia a riglit angle. (Edolid, VI. 8, Cot.) 



If from any point S in one of the asymptotes to an hyper- 
bola ordinates RFN, RDM be drawn to the hyperbola and 
its conjugate respectively, and PD be joined, FD will be 
parallel to the other asymptote 

YotBS' : EM- :: BO' : AC; 
tuiiEN'-Pir : BIP-DM' :: BC : AC, (Prop. XVI). 
,-. FN-' : VM' :: BC : AC; 
:: EA-; RM', 
.-. PN ; DM :: BN ; EM; 
.-. PD\t parallel to MN. (Euclid, VI. 2.) 
Also ON: CM ;t AC: BO, 
.-. MN is parallel to AB; 
and OA : Ao :: OB : Bo', 

.'. AB ia parallel to oo\ 
Hence FD is parallel to oo'. 
CoE. So also if E and D be the points where NB and 
ME produced meet respectively the conjugate and the original 
hyperbola, FD will be still parallel to oo'. 
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58. If tlirougli any two points Q and Q' of an hyperbola a 
line RQQ'E be drawn in any direction meeting the asymp- 
totes in H and M' ; then will 

rq'= EQ. 




Through Q and Q' draw the ordinates TJQW, U'Q'W; 
meeting the asymptotes in U, W, U', W ; then by similar 
triangles, 

QB : QU:: Q'E' : QU', 
and QB' : QW :: gE : QW ; 
.'. eompounding 

QR.QB- : QU.QW :: Q'R.QK' : QU' .Q'W. 

But QU . QW= BG' = Q'U' . Q'W {Prop. XVI. Cor.) 

.-. QR .QR-^ Q'R.Q'B'; 
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but QB . QB' = QR . QQ' -^ QR . Q'E', 
and Q'E . Q'B' = Q'B' . QQ' + QR . Q'R'; 
.: QR. QQ' =Q'Bf .QQ'. 
.-. QB = Q'K. 
Cor, 1. If BQQ'B' move parallel to itself until the points 
Q and Q' coincide, tiie line RQBf will ultimately assume the 
position XPZ, and will tecorae a tangent to the hyperbola at P. 
Hence, since BQ is always equal to B'<^, 
LP = PI, 
or the tangent LPl is bisected at the point of contact P. 
Cob, 2. If CP be produced to meet RR' in V, then since 
RV : VB' :: LP : PI, 
.-. RV^VR'; 
undRQ-.^ Q'B', 
.: QV^ Q'V. 
Hence if a series of parallel chords be drawn in an hyper- 
bola, their middle points will all be in the line drawn tiirough 
the centre and the point where the tangent parallel to the 
chords meets the hyperbola, 

Def. a line PCP' drawn through the centre, and meeting 
the hyperbola iu P and P', is called a Diameter. 

A diameter consequently bisects all chords drawn parallel 
to the tangents at its extremities. 



59. If through any point Q of an hyperbola a line It Qr, he 
drawn in any direction meeting the asymptotes in B and r, 
and LPl he the tangent drawn parallel to liQr ; then 

RQ.Qr^ FL\ 

Through Pand Q draw the ordinates EPe, UQW, meeting 
the asymptote in E, e, U, W ; then by similar triangles. 
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QR : QU :: PL : PE, 
Qr -.QW :: Fl : Pt 
.-. QS.Qr : QU.QW :: PL.Pl : PE . Ft 

but QU. QW-B(7 = PE.Fe. (Pray. XVI. Coc.) 
.-. QR. Qr- PL.Fl, 

= Pi". (Pray. XIX. Cor. 1.) 
CoE. If Qti be produced to meet the conjugate hyperbola 
in Q', q we may show that 

QB . Qr . FL% 
and also, as in Proposition XIX., tliat 
Q'R - j'r, 
..QQ'-,,.^ 
Hence if a line be drawn in any direction meeting both the 
hyperbolas, the portions intercepted between the hyperbola 
and its conjugate will be equal. 
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60. If from any point P of an liyperbola, PII and PK be. 
drawn parallel to the asymptotes, meeting them in H and A' 
lespecliyely ; then i . FH : PK = OS: 




Draw the ordinate RPA'r meeting the asymptotes in li 
and r ; then by similar triangles. 



PH : PS 
and PK : Pr 
PH.PK : PR.Pr 



: Co : Oo, 
: CO : Oo, 
: CO" : Oo", 
:: OS- : 411 0: 
Birt PM. Pr- B0\ 
t.PIT.PK-.OS: 
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If the tangent at any point F of an hypertola xa&&t the 
asymptotes iu L and I; then the area of the triangle LCI is 
er[iial to the rectangle contained by ^(7 and BO. 

Draw PH and PK parallel to the asymptotes meeting 
them in H and K ; then 

since Gi : CH :: LI : Pl,^ 

and LI ^2 PI, (Prop. XIX. Cor. I.) 
.: GL=2 GH=2.PK; 
m Gl^2 CK=2FB, 
.-. CL.Cl= rPS. PK= OS', {Prop. XXI.) 
= CO . Co, 
.-. GL : GO :: Co : Gl, 
.■. the triangles LGl, OCo have the angle at common and 
the sides about those angles reciprocally proportional ; 
,". the triangles LCI = the triangle OOo, 
= AC.AO. 
= AC.BO. 



Pbop. XXIII, 

61. If from any point U in the asymptote of an hyperbola, 
two ordinates BPN and EBM be drawn to the hyperbola 
and its conjugate respectively, then the tangents at P and D 
will be parallel respectively to CD and GP. 

Join PPJ, meeting CB in H; then 

since PP) is parallel to oo', (Prop. XVIII.J 
the tangents at P and D will each meet GB produced in the 
same point L. {Prop. XXII) 

Produce LP and LD to meet the other asymptotes in Z 
and V ; then 

since CL.Cl^ CS'' = GL . CI', [Prop. XXII.) 



yGoosle 



CONIC SECTIONS. 




.-, Gl^GV, 

.-. W ■ CI' :: IP : PL, 

. ■ . GP is parallel to tlie tangent at D. 

Ahol'D : DL :: I'G : CI, 
.-. CD is parallel to the tangent at P. 
The lines CP and CD are called Conjugate Diameiem, 



since each of these ] 
extremity of the other. 



. is parallel to the tangent at the 



Peop. XXIV. 

If CP atid CD be semi-conjugate diameters in the hyper- 
bola ; then 

CP' ■-. CD'' = CA' --^ CI?. 

Draw the ordinafes NPE, MDR meeting the asymptote in 
the point B {Prop. XXIII.}; then 
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Cie - CP' = NB^ - NP', 

= BC, (Prop. XVI.) 

.-. UB'^ CP' + BC; 

soOB'= OB' + AO', 

.-. aP^ + BC'= GD'-'rAC; 

or CP' ■-^CI>' = A C ■-, BC\ 



Peop. XXV. 

(32. The area of any parallelogram formed ty drawing tan- 
gents to the hyperbola and its conjugate at the extremities 
P, P", D, D' of a pair of conjugate diameters is equal to the 
rectangle contained hy the axes. 




Let L IL' V be the parallelogram formed by drawing 
tangents at the extremities P^ P', D, ly, of any pair of 
conjugate diameters. The points i, L', I, I', will (Prop. XXIII.) 
be on the asymptotes. 
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Now tlie parallelogram i i' = 4 parallelogram CL, 
^ 4 triangle it?/, 
^AACBO, (Prop.lXil) 
= AA . BS. 
Col!. If PF be drawn perpendicular to CD, then 

FF. CD = AG.BC. 
Also, if "tile normal P6 meet the transverse axis in G, as 
in the ellipse 

FF.PB-BC: 
63. Dep. The line Q V drawn from any point Q of the 
hyperbola parallel to the tangent at any point P, and meeting 
CP produced in V, is called an Ordinate to the diameter GP. 

PnoP. XXVI. 

If (3 r be an ordinate to the diameter P'C'P, and CD be 
conjugate to CP; then 

Qr' : PV.FV :: Clf : CP'. 
Produce VQ to meet the asymptotes in B and r; and let 
the tangent at P meet the asymptotes in L and I; then 
BV : PL' :: CV : CP', 
... BV^PL' : PL' :: CV - OP' : CP'. 
But BQ .Qr- PL; (Prop. XX.) 

... BY' - QV . PL', 
or BY' - PL' = qv. 
And CY' -CP' = PY .FY, (Euclid, 11. 6.) 
.-. QY' : PL' :: PV . P'Y : CP'. 
Alternately, e J" : FY . P Y :: PL' : OP'. 
But since PD is a parallelogi-am, (Prop. XXIII.) 

.■. PL -CD. 
Henee OF" : FY. PY :: Clf : CP'. 
Cor. If YQ be produced to meet the conjugate hyperbola 
in Q, then 

HmWiQ'E.gr-PL', (Frojj. XX. Cm:) 
.-. Q'Y' - BY' ~ PL'. 
Hence QV' : CY' + OF' :: CD' : CP'. 
h2 
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64. If QV he an ordinate to the diameter PV, and the 
tangent at Q meet GP in the point 2'; then 
OV. CT^CP\ 

Draw the tangent LPl meeting the asymptotes in the 
points L, I; also let the tsviigent at Q meet the asymptotes 




Draw UK, rh pai'allel to ^F meeting OP in K, k. 
Now since the triangles ROr, LCI arc equal, {Prop. 
XXII.) and have the angle at G common, 

.-. GB : GL :: Gl : Gr. (Euclid, VI. 15-) 
But Cn : Gl :: CK CP, 
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and CI : Ct :: CP : Ck, 
.-. CK : CF :: CP : Gk, 
.-. CK.Ck = CP\ 
Again, produce RK and QV to meet the asymptote Gl in 
11' and q; then 

Since Mr is bisected in Q, {Prop. XIX. Cor. 1) 
,-. ISr 13 bisected in 17, 
and RK= HK, (R'op. XIX. Gor. 2) 
.-. Kq is parallel to Rr, 
.-. GT : CK:: Gr : Gq, 
:: Ck : C V, 
.-. CV. CT=GK. Ck 
= GP\ 
CoE. 1. Conversely, if QVhe. an ordinate to PV, 
and GV. GT^ CP\ 
then QT is the tangent at Q. 
Coii. 2, Hence also, if RR' meet the curve in C/"and U', 
and IcU.hV lie drawn, 
since GK . Ck = GP\ 
, ■. A^ and kV are tangents to the hyperbola at ^and 0". 



Prop. XXVIII. 

65. If two chorda of a hyperbola intersect one another, the 
rectangles contained ty their segments are proportional to 
the squares of the diameters parallel to them. 

Let QOq te any chord drawn through the point 0, and 
let CD "be drawn parallel to it, meeting the conjugate 
hyperbola in D. 

Produce Qq to meet the asymptotes in R and r ; and draw 
the diameter CPV, bisecting both Qq and Rr in V. {Prop. 
XIX. Cor, 2.) 

Also draw the tangent LPl parallel to Qq, meeting the 
asymptotes in L and I. 
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w since Qq is (iivided equally in Y and unequally in 0, 

.. QO.Oq- QV- OV; (Euclid, II. 6) 
10 also SO. Or -SV- or', (EneKi 11. 5) 

.■.SO. Or -go. Oq-sv -qv, 

- SQ. Qr {Eudid.U. 5) 

=, PL', (Prop. XX.) 

.-. QO.Oq-EO. Or -PL: 

lin, through and P draw LOe, UPW, at right 
', to the axis meeting the asymptotes in L, e, U, W; 



BO : OE 


: PL 


PL, 


and rO ; Oe 


: PI 


PW, 


•0 : OE. Oe 


■.PL' 


PU.PW 
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hRtPU.PW=SG\ {Pi-op, XVI.) 
and Pi" = GD\ {Prop. XXIIL) 
-■. RO .tO : OE. Oe :: CD' : B0\ 

o^BO.rO : CD' :: OE . Oe : B0'\ 
.-. RO.rO-PL^ : CD' :: OE. Oe -BG' : BC\ 
or QO.Oq_: CD' :: OE. Oe -BC^ : BC\ 
In the same manner if through another chord Q' Oq 
be drawn, and GIX be drawn parallel to it, meeting the con- 
jugate hyperbola in pf, we shall have 

qO. Oq' : Gjy :: OE . Oe-BC : BG\ 
Hence QO . Oq : QO . 0(j :: CD'' : CD'\ 
Cob. The same result may be shown to be true when tlie 
point is outside the hyperbola. Moreover, it is not necessary 
that the chorda should be drawn meeting one branch only of 
the hyperbola or the same branch. The proportion still 
holds good when one or both of the chords meet both 
branches of tJie hyperbola, or when the chords are drawn in 
different branches. 

66. Def. If with a point on the normal at P as centre, 
and OP as radius, a circle be described touching the hyperbola 
at P, and catting it in Q; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. 

Prop. XXIX. 

If PIl be the chord of the circle of curvature at the point 
P of a hyperbola, which passes through the centre ; then 
PH. GP=2GD\ 

Let PPbe the tangent, andPG the normal at the point P. 

With centre 0, and radius OP, describe a circle cutting the 
hyperbola in the point Q. 

Draw JtQW parallel to CP, meeting the circle in TT, and 
TP produced in R. 

Also, draw ^ F parallel to PR, meeting the diameter PP' 
in V; then since JiP touches the circle at P, 
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.-. SQ . BW-Pe, [EueKd, III. 36) 

otPV .RW- Qv: 

Bill QV:FV. P'V:: OD" : CP; (Pray. XXVI.) 
.-, PV.BW-.PV.P'V:: Clf: OP; 
orBW-.rr-.: CD': CP'. 

Now, when the circle becomes the circle of curvature at P, 
the points B and Q move up to, and coincide with P, and the 
lines BW and Pifbecome equal, while 

P'F becomes equal to PP', or 2CP. 

Hence, Pff: 2 CP :: CD" : OP; 

. .PR. CP: 2CP>::2Cfl':2CP", 

. . PR. CP = 2Ci)'. 

Pbop. XXX. 

If P f7 be the diameter of the circle of curvature at the 
point P of the hyperbola, and PP be drawn at right angles 
to OP; then 

PC PP. 200". 
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Since the triangle PIIU is similar to the triangle PFO, 
.-. PU : PH :: CP : PF, 
.-. PU . PF = PH : CP, 

^2CD\ (Prop. XXIX.) 

Pkop. XXXT. 

If PI be the chord of the circle of curvature through the 
focus of the hyperbola ; then 

PI.AC=2CD\ 
Let 8'P meet CD in E; then since the triangles PIU 
and PEFaiQ similar, 

.■. PI: PU :: PF : PE. 

BuiPE= AO, {Prop. XII. Cor.) 
.-. PI : PU :: PF : AC, 
.-. PI . AC = PU. PF, 

^2 CD'. {Prop. XXX.) 

The point where the circle of curvature intersects the 
hyperbola may be detennined as in the case of the ellipse. 

P)!OP. XXXIl. 

67. If P be any point on the hyperbola, and CE be conju- 
gate to CP ; then 

SP . 8'P = CE\ 

Draw PIT parallel to the asymptote CE meeting the 
directrices in I and I', and GB' in U. 

Let the ordinates, NP, MD meet the asymptote in R, and 
draw PW perpendicular to the directi-ix ; then by similar 
ri angles, 

PI : PW :: CE : CX, 

:: CA : CX. {Prop.XYU.) 
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But SP : PW :: SA : AX, 

:: CA : CX. 

.-. SP-PI; 

so S'P - PT, 

.\ SP. S'P -PI .PI', 

= UP' - ur, 
-OS-- ce; 
= CB- - oa: {Prop, xvii.) 

Bat CE' - CD' = SM'.^ DIP, 

- ca; {Prop. XVI.) 

.■. CE-- CA'- CD-. 
Hence SP . S'P - CD: 
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1. TriE locus of the centre of a cirele toucliing two given 
circles is an hyperbola or ellipse. 

2. If on the portion of any tangent intercepted between the 
tangents at the vertices a circle "be described, it will pass 
tbrough the foci. 

3. In an hyperbola the tangents at the vertices will meet the 
asymptotes m the circumference of the circle described on 
88' as diameter. 

4. If from a point Pin an hyperbola PIT be drawn parsdlel 
to the transverse axis meeting the asymptotes in / and /' ; 
ihenFI.I'r = AC\ 

5. If a circle be inscribed in, the triangle SPS', the locus 
of its centre is the tangent at the vertex. 

6. If FN be the ordinate of the point P, and NQ a ta,ngent 
to the circle described on the transverse axis as diameter, and 
PM be drawn parallel to QG meeting the axis in M, then 
3{N=BG. 

7- If PjV be the ordinate of a point P, and NQ be drawn 
parallel to AP to meet CF in Q, then ^ f^ is parallel to the 
tangent at P. 

8. If an hyperbola and an ellipse have the same foci, they 
cut one another at right angles. 

9. If the tangent at P intersect the tangents at the vertices 
in S, r, and the tangent at P' intersect them in R' , r, then 
AR.At = AM' . Ar'. 
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10. If atiy two tangents be drawn to an hyperbola, the lines 
joining tlie points where they intersect the asymptotes will be 
parallel. 

11. The perpendicular drawn from tlie focus to the asymp- 
totes of an hyperbola is equal to the semi-conjugate axis. 

12. If the asymptotes meet the tangent at the vertex in 0, 
and the directrix in J^; then j4.S is parallel to SO. 

13. In a rectangular hyperbola conjugate diameters are 
equal to one another. 

14. In a rectangular hyperbola the normal PG is equal 
to CF. 

15. The lines drawn from any point in a rectangular 
hyperbola to the extremities of a diameter make equal angles 
with the asymptotes. 

16. Prove that the asymptotes to an hyperbola bi-sect the 
lines joining the extremities of conjugate diameters. 

1 7. A line drawn through one of the vertices of an hyperbola 
and terminated by two lines drawn through the other vertex 
parallel to the asymptotes will be bisected at the other point 
where it cuts the hyperbola. 

18. P is any point on an hyperbola, and P' a point on the 
conjugate hyperbola. If CP and GP' be conjugate, prove 
that 

8'P'-8F=AG-Ba, 
S and 8' being the interior foci. 

19. If GP and GI> be conjugate, and through a line be 
drawn parallel to either focal distance of P, the perpendicular 
from D upon this line is equal to B C. 

20. Given a pair of conjugate diameters, find the principal 

21. If Q be a point on the conjugate axis of a rectangular 
hyperbola, and QP be drawn parallel to the transverse axis 
meeting the curve in P; then 

PQ^AQ. 

22. In a rectangular hyperbola the focal chords drawn 
parallel to conjugate diameters are equal 
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23. If in an ct^uilateral hyperbola CY he drawn at right 
angles to the tangent at P, and AY he joined, the triangles 
FGA, CAY are similar. 

24. The radius of the cirele wliich touches an hyperbola 
and its asymptotes, is equal to that part of the latus rectum 
produced which is intercepted between the curve and the 
asymptotes. 

25. If QQ' by any chord of an hyperbola, and OP the 
diameter corresponding to it, and Qlf, PK, Q'H' be drawn 
parallel to one asymptote meeting the other in H, K and H', 
tk&a OB. CH' = CK\ 

26. If the chord BPP'W intersect the hyperbola In the 
points P, P\ and the asymptotes mB,B!\ and PK be drawn 
parallel to OR', and P' K' to OR ; then RK = FK', and 
RK- = PK. 

27. If AA' be any diameter of a circle, and PNQ an 
ordinate to it, then the locus of the intersections of AP, A'Q 
is a rectangular hyperbola. 

28. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the oilier, they will 
intersect at right angles. 

29. If any chord AP through the vertex be divided in Q, 
so that ^Q : QP :: AO' : BC\ and QN be drawn to the 
foot of the ordinate PIf, prove that a straight line drawn at 
right angles to QN from Q cuts the transverse axis in the 
same ratio. 

30. Prove that tlie curve which trisects the arcs of all 
segments of a circle described upon a given base is an hyper- 
bola, 

31. If SVs, TVt be two tangents cutting one asymptote 
in 8, T, and the otiier in s, t, prove that 

V8 -.Vs : Vt VT. 

32. If from the exterior focus of an hyperbola a circle be 
described with radius equal to BG, and tangents be drawn to 
it from any point in the hyperbola, the line joining the points 
of contact will touch the circle described on the transverse 
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33. Circles are drawn touching the straight line AB in 
a fixed point C; and from the fixed points A, B tangents 
are drawn to these circles. Tlie locus of their intersection is 
an elHpso or hyperbola. Distinguish between the two cases. 

34. PP' is a double ordinate in an ellipse. AP, A'P" are 

E reduced to meet in Q, Prove that the locus of Q is an 
yperbola with the same axes as the ellipse. 

35. If the tangent at P intersect the asymptotes in L and 
I, and PG be the normal at P, then the angle LGl is a. right 
angle. 

36. If an ellipse, a parabola, and a hyperbola, have an 
common tangent, and the same curvature at the vertes, the 
ellipse will he entirely within the parabola, and the parabola 
entirely within the hyperbola. 

37. The chord RPFK of an hyperbola intersects the 
asymptotes in R and IS. From the point R a tangent RQ 
is drawn meeting the hyperbola in Q. If PH, QK, FH' be 
drawn parallel to one asymptote meeting the other in the 
points B, K, H' ; then FH + FH' = 2 QK. 

38. If through P, F on an hyperbola lines be drawn parallel 
to the asymptotes forming a parallelogram, of which PP is 
one diagonal ; the other diagonal will pass through the centre. 

39. If P be the middle point of a line .Ei^ which moves so 
as to cut off a constant area from the comer of a rectangle, its 
locus is an equilateral hyperbola. 

40. PM, PN are drawn parallel to the asymptotes CN, 
CM, and an ellipse is constructed having GN, CM for semi- 
conjugate diameters. If CPcut the ellipse in Q, the tangents 
at Q and P to the ellipse and hyperbola are parallel. 

41. If a circle be described through any point P of a given 
hyperbola and the extremities A, A' of the transverse axis, 
and NP be produced to meet the circle in Q ; prove that Q 
traces out an hyperbola whose conjugate axis is a third pro- 
portional to the conjugate and transverse axes of the orignial 
hyperbola. 
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42. If lines be drawn from any point ot a rectangular 
hyperbola to the extremities of a diameter, the difference 
between the angles which they make with the diameter will 
be eqnal to the angle which this diameter maltes with its 
conjugate. 

43. If between a rectangular hyperbola and its asymptotes 
any number of concentric elliptic quadrants be inscribed, the 
rectangle contained by their axes will be constant. 

44. In the rectangular hyperbola if CP be pi-odnced to Q 
so that FQ = CP, and ^0 be drawn at right angles ioGQ 
to intersect the normal io 0, is the centre of curvature 
at P. 

45. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are constructed; prove 
that if one hyperbola touch the ellipse the other will do so 
likewise ; prove also that the diameters drawn through the 
points of contact are conjugate to each other. 

46. If a pair of conjugate diameters of an ellipse when 
produced be asymptotes to an hyperbola, the points of the 
hyperbola at which a tangent to the hyperbola will also be a 
tangent to the ellipse, lie in an ellipse similar to the given 

47. In the rectangular liyperbola the radius of curvature at 
P is to the radius of curvature at P' in the triplicate ratio of 
CP to CP'. 

4S. OP, OQ are tangents to an ellipse at P and Q, and 
asymptotes to an hyperbola. Show that a pair of their common 
chords is parallel to PQ. One of these chords being R8, 
prove that if PR touches the hyperbola at P, QS touches it 
at S; also if P8, QR meet in U, 0Z7 bisects PQ. 

49. The base of the triangle ABC remains fixed, while 
the vertex V moves in an equilateral hyperbola passing 
through A and B. If P, Q be the points in which AG, 
BG meet the circle described on ^.6 as diameter, the inter- 
section of A Q, BP is on the other branch of the hyperbola. 
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68. Def. If two indefinite str3ightllrte3/0/',i)(?i>',inter- 
sect one anotlier at a point 0, and one of them lOI' remain 
fixed -while the other DOB' revolves round it in such a 
manner that its inclination to lOT is the same in all positions, 
the surface generated by D OD' will be a Sz^^i Gone. 

The line lOI' is called the Axis, and the point the 
Vtrtix of the Gone,. 

It now remains for ns to show (see Introduction) that the 
cuj've formed by the intersection of this surface with a plane 
is in general one of the thr-ee curves whose properties we have 
been investigating, and to consider under what circumstances 
it will be the Parabola, Ellipse, or Hyperbola, 

If the cutting plane pass through the vertex of the cone as 
KOK', and intersect the cone again at all, it will in general 
cut it in two straight lines as OK, OK' which will represent 
two positions of the generating line. 

The inclination of these lines to each other will depend 
upon the inclination of the cutting plane to the axis of the 
cone, and will be greatest when this plane passes tlirough the 
axis, in which case it will be double the constant angle between 
the axis and the generating line. 

If the cutting plane pass through a generating line dod' 
and be perpendicular to the plane containing this line and the 
axis, it will simply touch the cone along this line. 



y Google 



CONIC SECTIONS, 




Should the cutting plane not pass through the vertex, and 
be at right angles to the axis of the cone, the section will 
evidently be a circle. 

In any other case the section will, as we proceed to show, 
be a Parabola, Ellipse, or Hyperbola. 

Whatever be the position of the cutting plane with respect 
to the cone, we can always suppose a plane drawn through 
the axis of the cone at right angles to it ; and it will be 
convenient to have this latter plane represented by the plane 
of the paper as DOd. The cutting plane will therefore always 
be taken at right angles to the plane DOd of the parer. 
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69. The curve formed by the intersection of the surface of 
a right cone with a plane (which neither passes through its 
vertex nor is at right angles to its axis) will be a Parabola, 
ElUpse, or Hyperbola, according aa the inclination of the 
cnttmg plane to the axis of the cone is equal to, greater, or 
less than the constant angle which the generating line forms 
with the axis. 

Let the plane of the paper represent the plane drawn 
through the axis lOI' of the cone at right angles to the 
cutting plane ; and let it intersect the surface of the cone in 
the two generating lines OD, Od. 

Let the cutting plane intersect the surface of the cone in 
the curve 1*A, and the plane of the paper in the line ANH. 

The curve will evidently be symmetrical with respect to 
this line. 

On ^ if take any point N, and through N draw a plane 
perpendicular to the axis meeting the surface of the cone in 
the circle RFr, and the cutting plane in the line PN, which 
will be at right angles to the plane of the paper and to AN. 

Let a sphere be inscribed in the cone touching the cone in 
the circle EQe and the cutting plane in the point 8, and let 
the plane EQe intersect the cutting plane in the line XM, 
which will be at right angles to the plane of the paper, and 
therefore parallel to PN. 

Draw PM perpendicular to XM, and join PS, PO, and let 
PO meet tlie circle EQe in the point Q.* 

Then since PS and PQ are both tangents to the sphere, 

• ■. PS^PQ. 

But PQ = RE, 

.-. P8=ME. 
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ButRE: XN :: A£ : AX, (EucUd,Vl2.) 

i,niAE=A8, 

.-. RE : XN :: AS : AX, 

.-. 8P : PM :: AS : AX, 

.•. the curveP^ is either » Parabola, Ellipse, oxHyperhola, 
wliose focu3 is 8 and directrix XM. 
Again, let ^7/ meet the axis 01 vn. F. 

Then the angle AFO will te tl>e inclination of the aitting 
plane to the axis, 

(1) Let the angle AFO = the angle FOd; 

then AH 15 parallel to Od, 

.-. theangleJXE= the angle OeE^ the angle .4£'-r, 

.■. AE=AX, 

.-. AS'^AX. 

.-. the curve AP will he a Parabola. 

I 2 
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{2) Let the angle AFO "be > FOd; then 
the complement FXE is < the complement OEr, 
.-. the angle AXEia< AFX, 
.: AFis<AX, 
OT AS is < AX, 
.". ihe curve A P is an Flh'pse. 
Since the angles HFO, FOd are together less than HFO. 
OF A, i.e. than two right angles, the lines ^ if and Oe may 
be produced to meet in A'. 

If another sphere be described touching the cone in the 
circle E'Q e' and the cutting plane in the point ;S" ; and the 
line X' M' denote the intersection of the plane E' Q!e' with 
the cutting plane, and PM' be drawn at right angles to this 
line, it can easily be shown that 

8'P: PM' :: 8'A' : A'X'. 

Hence S' and X'M' represent respectively the other focBS 
and dii-ectrix of the ellipse. 

Also if BOhQ the aemi-axia minor, and through the centre 
C a line UCU' be drawn parallel to Ee meeting OD, Od 
in U and fT", then it is evident that 

BG^ = UU. CU'. 
(3) Let the angle AFO be < FOd; then 

the angle AXE is > ihe angle AEX, 
.-. AE\^>AX, 
.: AS is > AX, 
.■. the curve PA is an Hyperbola. 

Since the angles AFO, FOd' are less than the two l<'Od, 
FOd', i.e. than two right angles, the lines l''A and dO may 
be produced to meet in A'. 

In this case the cutting plane will intersect the other half of 
the cone, and if any point P' be taken on this part of the 
carve, and P'M be drawn at right angles to XM, it can be 
shown as before that 

SP' L F'M :: 8'A :: AX. 
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The intersection of the cutting plane tliercfore with this 
portion of the coae will be the other branch of the hyperbola. 

Also if another sphere be described touching the upper 
portion of the cone in E'Q'e, and the cutting plane in 8\ 
and the line X'M' denote the intersection of the plane 
E'Q'e' with the catting plane, and PM^ be drawn at right 
angles to this line, it can be easily shown that 
SM : FW :: 8' A' : A'T, 

Hence, S' and X'3f' will represent respectively the other 
focus and directrix of the hyperbola. 

Cor. 1. In this last case, i.e. when the section is an hyper- 
bola, if a plane OKL be drawn through the vertex of the 
cone parallel to the cutting plane, meeting the plane of the 
paper in the straight line OL, and the surface of the cone in 
the generating line OK; then 

OL : OK :: OL : OM. 
:: AN : AB, 

:: AX: A U, (Euclid, Y I 2) 
:: AX : AS, 

:: CA : C8, {Chap. III. Pr(yp. II.) 
where C is the middle point of AA', and therefore the centre 
of the hyperbola. 

.■. KOL is half the angle between the asymptotes. 
{Ghap. III. Prop. XVI.) 

Again, if BO be the conjugate semi-axis, and CV'U be 
drawn parallel to Br meeting OP', Od' in U and U', then 
since GU : AC :: EL : OL, 



and 077 


: A'C : 


: rL : 


OL, 


cv.cn' 


: AC : 


: &L. 


rL : OU 






: KE 


: 0L-; 


but BO" 


: AC: 


: KL' 


: OL', 



.-. SC'^CU. GU'. 

Cor. % If the cutting plane is parallel to the axis OL and 
01 coincide. 
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In this case half the angle between the asymptotes of the 
hyperbolic section is equal to the constant angle D 01, and 
we can at once see that C is the semi -conjugate axis. 

This affords a convenient metliod of obtaining a pair of 
conjugate hyperbolas. 

Draw Oi at right angles to 01 in the plane of the paper, 
and let another cone be formed by supposing OD to revolve 
round Oi in such a manner that the angle DOi is the same 
in all positions, and equal to the complement of DO I. 

Then if through any point A on the common generating 
line OD we draw two planes at right angles to the plane of 
the paper, and parallel respectively to 01 and Oi, tliey will 
cut the cones in two hyperbolas, whose semi-transverse axes 
will be respectively AC, OC, and whose aemi-conjugate axes 
will be respectively OG, AC, and which tliereiore will be 
Gojijugate to each other. 
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70. As iong as the cutting plane reraiiins parallel to itself, 
it is evident that the ratio of AE ta AX, and therefore of 
AS to AX will be altered. Hence the sections made by 
planes inclined at the same angle to the axis of the cone will 
have the same eccentricity.* 

71. Through any point Q on the circle EQe let a plane be 
drawn parallel to ANP, intereecting the plane of the papei- 
in the straight line WLN', the cone in the curve WQP', anil 
the planes of the circular sections EQe, RPr in the ordinates 

QL, p'n: 




Then it is manifest that the curve JVQP' will touch the 
circle wQw, formed by the intersection of the cutting plane 
with the sphere at the extremities of the ordinate QL pro- 
duced. 

Join OP' meeting EQe in Q'; then 

p-g : N'L:: RE : NX, 
:; SA : AX. 



* The ] 



ID o£ ,'iA 



II" of CS : CA, is called the eocentrieicj". 
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But P'Q' is t^qual to the tangent drawn from P' to the 
circle vsQw', and l^'L is equal to the perpendicular from P' 
on the common ordinate of tlie circle w^!^' and tlic section 
WQP. 

Hence we have the following important property, — 

If a circle touch a conic section in two points at the 
extremities of an ordinate, the ratio which the tangent drawn 
to the circle from any point on the curve bears to the perpen- 
dicular from the same point on the common chord is equal to 
the eccentricity of the conic section. 

If the two points in which the circle touches the conic 
coincide, the circle becomes the circle of curvature at the 
vertex ; and therefore the ratio which the tangent drawn from 
any point of a conic section to the circle of curvature at the 
vertex bears to the abscissa of the point, is constant and equal 
to the eccentricity of the curve. 
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1. The foci of all parabolic aecfions whicli can be cut from 
a given liglit cone lie upon the surface of another cone. 

2. The foci of all elliptical sections of a given right cone, 
in which the ratio of CA to CS is the same, will lie on two 
other cones. 

3. The extremities of the minor axes of the elliptical sec- 
tions of a right cone made by parallel planes lie on two 
generating lines. 

4. The latua rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
the parabola. 

5. Under what conditions is it possible to cut an equilateral 
hyperbola from a, given right cone ? 

6. Two cones whose vertical angles are supplementary arc 
joined as in Art. 69, Cor. 2, Prove that the latera recta of 
the curves of section of the cones, wliose axes are respectively 
01 and Oi, made by planes parallel or perpendicular to the 
plane of the axes, are in the duplicate ratio of Ot and 01. 
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1. Shotv that tlie part of the directrix of a parabola, inter- 
cepted between tbe peipendiculars on it from the extremities 
of any focal chord, subtends a right angle at the focus. 

2. The locus of the foci of all parabolas touching the three 
sides of a triangle is a circle. Prove this, and give a geo- 
metrical eonsfruction for finding the centre 

3. A system of parabolas which always touch two given 
straight lines have their axes parallel; show that the locus of 
the foci is a straight line. 

4. Prove that the locus at the foot of the pei^pendicular 
from the focus of a parabola on tlie nonnal is a parabola. 

5. If 8 be the focus of a parabola, which touches the sides 
AB,ACo{ the triangle ^5 C at the points B, G, and the 
centre of the circle described about the triangle; prove that 
the angle OSA is a right angle. 

6. From the focus of a parabola a straight line is drawn 
parallel to the tangent at any point P, meeting the diameter 
through P in V ; show that the tangent drawn from P to any 
circle passing through V is equal to one-half of the ordinate 
QV,V being the second point in which the circle cuts the 
diameter through P. 

7. P8p is a focal chord, and upon P8 and pS as diameters, 
circles are described ; prove that the length of either of their 
common tangents is a mean proportional between A 8 and Pp. 
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8. li AQ be a chord of a parabola tlirougli t!ie vertex A, 
and QB be drawn perpendicular to A Q to meet tiie axis in 
H; prove that AM will be equal to the chord through the 
foena parallel to A Q, 

9. The locus of the vertices of all parabolas, which have a 
common focus and a common tangent, is a circle. 

10. Two paraholaa have a common axis and vertex, and 
their concavities turned in opposite directions ; the latus 
rectum of one is eight times that of the other ; prove that the 
portion of a tangent to the former, intercepted between the 
common tangent and axis, is bisected by the latter. 

11. S is a point on a radius OA of a circle, whose centre 
is 0. On OA produced a point is taken, such that 
OB . OG = OA^. If i* be any point on the circumference 
of this circle, R the middle point of BP, and Q the point of 
intersection of AE, OP; prove that the locus of ^ is a 
circle. 

12. If from the middle point of a focal chord of a parabola 
two straight lines be drawn, one perpendicular to the chord 
meeting the axis in G, and the other pei-pendicular to the 
axis meeting it in N; show that NG is constant 

13. A circle is drawn touching the axis of a parabola, the 
focal distance of a point P, and the diameter through P. 
Show that the locus of its centre is a parahola with vertex 6', 
and latus rectum equal to A S. 

14. If from the point of intersection of the directrix and 
axis of a parabola a chord XFQ be drawn, cutting the 
parabola in P, Q; show that the rectangle contained by the 
ordinates of P^ is equal to the square of one-half the latus 
rectum. 

15. Find the locus of the centre of a circle which touches 
a given circle and a given straight line, 

16. Given one point of contact of a parabola with three 
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tangents given in position, tind the two other points of 
contact. 

17. The triangle ABC circumscribes a parabola wliosc 
focus is S. Througli A, B, C, lines are drawn perpendicular 
respectively to 8A, SB, SC. Show that these lines pass 
through one point. 

18. From the focus a line is drawn parallel to the tangent 
at P, meeting the parabola at Q. QNia an ordinate, and the 
tangents at P and Q meet tlie axis in T and 2". Prove that 
^A'^ = 4,AT. AT, and that if the diameter at P meet SQ 
in -E, the locus of £■ is a parabola, whose latns rectum is half 
that of the given p 



19. P is any point in a parabola ; through S a line is drawn 
at right angles to the axis, meeting the chord AP or AP 
produced in B. Prove that SK. SJi= 2^5. SF, where 8Y 
is the perpendicular on the tangent, and SK on the normal. 

20. From the focus S of a parabola 8Kh drawn, making a 
given angle with the tangent at P. Show that the locus 
of K is that tangent to the parabola wiiich makes with the 
axis an angle ec[ual to the given angle. 

21. PSQ is a focal chord of a paiabola, AP' a parallel 
chord meeting the latus rectum in Q' ■ prove that AP . AQ 
= 8P. 8Q. 

22. The circle of curvature at any point bf a parabola 
whose abscissa is .^A'cuts the axis in f/and V. Prove that 
AU.AU' = BA]r\ 

23. AB is a diameter of a circle. From any point Q in 
the circumference a tangent QP is drawn, and from P a per- 
pendicular PN is let fall upon AB. Show that if P be 
always taken so that QP is equal to AN, the locus of P will 
he a parabola. 

24. If a tnngcnt be drawn from any point of a parabola to 
the circle of curvature at the vertex, the length of the tangent 
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will be equal to the abscissa of the point measured along the 



25. To two parabolas which have a common focus and axis 
two tangents are drawn at right angles ; the locus of their 
intersection is a straight line parallel to the directrices. 

26. If any three tangents be drawn to a parabola, the circle 
described about the triangle so formed will pass through the 
focus, and the perpendiculars from the angles on the opposite 
sides intersect in the directrix. 

27. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced. Prove that the per- 
pendiculars drawn from the angles of the triangle upon any 
tangent to the parabola are in harmonical progression. 

28. Two equal parabolas have the same axis and vertex, 
but are turned in opposite directions ; chords of one parabola 
are tangents to the other. Show that the locus of the middle 
point of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

29. Two equal parabolas have the same focus, and their 
axes are at 'right angle to each other, and a normal to one of 
them is perpendicular to a normal of the other; prove that 
the locus of the intersection of such lines is a parabola. 

30. Show that in every ellipse there are two equal conju- 
gate diameters, coinciding in direction with the diagonals of 
the rectangle, which touches the ellipse at the extremities of 
the axes. 

31. If a circle be described through the two foci of an 
ellipse, cuttini; the ellipse, show that the angle between the 
tangents to this circle, and to the ellipse at either point of 
intersection, is equal to the inclination of the normal to the 
ellipse to the axis minor. 

32. The points in which the tangents at the extremities of 
the transverse axis of an ellipse are cut by the tangent at any 
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point of tlie curve, are joined one with eacK focus ; prove tliat 
the point of intersection of the joining lines lies in the normal 
at the point. 

33. The external angle tetween any two tangents to an 
ellipse is equal to the semi-sum of the angles which the chord 
joining the points of contact subtends at tJie foci. 

34 The tangent to an ellipse at any point P is cut by any 
two conjugate diameters in T, t, and the points T, t, are joined 
with the foci 8, S' respectively ; prove that the triangles 
SPT, S'Pt ai-e similar to each other. 

35. P is any point on a fixed circle, the centre of which 
is 0; jS is a fixed point without the circle; an ellipse is 
described with centre and area constant so as always to 
touch EP at P. Find the locus of the extremities of the 
diameter conjugate to OP. 

36. The normal at any point P of an ellipse cuts the axes 
in G,g; prove that if any circle be described passing through 
G, g, the tangent to it from P is equal to CD. 

37. Given a focus, a tangent, and the eccentricity of a 
conic section ; prove that the locus of the centre is a circle. 

38. A straight line is drawn through a given point G 
within a circle to cut it in P, P'. If ^ is taken in it sucli that 
C/ = OP . CF, find the iocus of p. 

39. In the ellipse FY . PY' : PN^ :: C8' : PC and 
SY.CD^SP.Pa 

40. Show that if the distance between the foci of the 
ellipse be gi^eater than the length of its axis minor, there will 
be four positions of the tangent, for wiiich the area of the. 
triangle, included between it and the straight lines drawn from 
the centre of the curve to the feet of the perpendiculars from 
the foci on the tpiigent, will be the greatest possible. 
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41. Two conjugate diameters of an ellipse are cut by the 
tangent at any point P in M, N ; prove that the area of the 
triangle CPM varies inversely as that of the triangle CPN. 

42. Circles are described on 8Y, S'Y' as diameters, 
cutting 8P, S'P respectively in Q, Q'. Prove that 8Q . S'P 
= 8P. S'Q' = BC'. 

43. PSP", pSp' are any two focal chords of a conic section, 
P and j> being on the same side of the axis; prove that Pp, 
P'p' meet on the directrix, 

44. Prove that an ellipse can be inscribed in any parallelo- 
gram 80 as to toach the middle points of the four sides ; and 
show that this ellipse ia the greatest of all inscribed ellipses. 

45. If from any point on the exterior of two concentric, 
similar, and similarly placed ellipses, two tangents be drawn 
to the interior ellipse which also intersect the exterior; show 
that the distance between the points of intersection will be 
double of that between the points of contact. 

46. The tangent at any point P in an ellipse, of which S 
and JI are the foci, meets the axis major in T, and TQB 
bisects I{P in Q, and meets SP in R ; prove that PR is one- 
fourth of the chord of curvature at P through S. 

47. Prove that the distance between the two points on the 
circumference of an ellipse at which a given chord, not passing 
through the centre, subtends the greatest and least angles, is 
equal to the diameter which bisects that chord. 

48. From any point on the auxiliary circle chords are 
drawn through the foci of an ellipse, and straight lines join 
the extremities of the chords with the extremity of the 
diameter passing through the point ; prove that these lines 
will touch the ellipse. 

49. A quadrilateral circumscribes an ellipse. Prove that 
cither pair of opposite sides subtends supplementary angles 
at either focus. 
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50. Two tangents to an ellipse intersect at right angles; 
show that the straight line joining their point of intersection 
with the point of intersection of the normals at the points of 
contact passes through the centre. 

51. P, Q ai-e points in two confocal ellipses, at which the 
line joining the common foci suhtends ecLnal angles ; prove 
that the tangents at P, Q are inclined to an angle which is 
equal to the angle subtended ^y PQ&t either focus. 

52. Tangents to an ellipse are drawn from any point in a 
circle through the foci; prove that the lines bisecting the 
angle between the tangents all pass through a fixed point, 

53. If the ordinate at P meet the auxiliary circle in Q, 
and GQ meet the ellipse in R, then CR is equal to the per- 
pendicular on the tangent at P from 0. 

54. If P be a point such that SP, S'P are perpendicular ; 
prove that t?iJ= = 2 . BG\ 

55. If circles be described to the triangle SPS' opposite to 
the angles 8 and S' ; prove that the rectangle contained by 
their radii is equal to B C. 

56. The circle of curvature at any point P of an ellipse 
meets the focal distances mB,R' ; SU is a tangent to the 
circle. 

Prove that St/' : SP^ :: "2 . SP - ^ , AG : AG, 

and if RR' passes through the centre of the circle of cur- 
vature, CP — C8. Determine the limits of possibility in 
both cases. 

57. A straight line is drawn from the centre of an ellipse 
meeting the eliipse in P, the circle on the major axis in Q, 
and the tangent at the vertex in T, Prove that as OT ap- 
proaches and ultimately coincides with the semi-major axis, 
PT and QT are ultimately in the duplicate ratio of the axes. 
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58. A sti-aig!it line 13 drawn through the focus S of an ellipse 
meeting the two tangents at right angles to it in Y and Z, the 
diameter parallel to these tangents in L, and the dii-ectrix in 
M; prove that 

8L : 8Y:: SZ : SM. 

59. If any equilateral triangle PQS he described in the 
auxiliary circle of an ellipse, and the ordinates to P, Q, R meet 
the ellipse in F', Q', R' ; the circles of curvature at P' , Q , R, 
meet in one point lying on the ellipse. 

60. From a point T two tangents TP, TQ are drawn to an 
ellipse. Show that a circle with T as centre can be described 
so as to touch 8P, S'P, 8Q, 8'Q. 

61. K the normal at P meet the axis minor in g, and if the 
tangent at P meet the tangent at the vertex A in V; show 
that 

Sff : SC :: PV : VA. 

62. If a circle passing through y and 1" touch the major axis 
in Q, and that diameter of the circle which passes through Q 
meet the tangent in P; show that PR = BC. (See fig. 
Prop. XV.) 

63. If PG the normal at P cut the major axis in G, and if 
DR, PN be the ordinates of D and P, prove that the tri- 
angles PGN, DRG are similar ; and thence deduce that PG 
bears a constant ratio to CD. 

64. The tangent at a point P of an ellipse meets the tangents 
at the vertices in V, V'. On W as diameter, a circle is 
described which intersects the ellipse in ^, ^ ; show that the 
ordinate of Q is to the ordinate of P us BC to BG + CD ; 
where GD is conjugate to OP. 

65. PGP' is any diameter of an ellipse ; the tangents at any 
two points E and E' intersect in F; PE', F E intersect in 
G. Show that FG is parallel to the diameter conjugate to 

PCI". 
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66. If P be any point on an ellipse, and with P as centre 
and tiie semi-axis minor as radius a circle be described ; prove 
that if PG be the normal, a circle described on CG as 
diameter will cut the first circle at right angles. 

67. ABO is au isosceles triangle liaving AB = AC. 
BD, BE drawn on opposite sides of B C, and equally inclined 
to it, meet AC m 2) and E. 

If an ellipse be described about BCD having its minor 
axis parallel to BG; then AB will be a tangent to the 
ellipse. 

68. If AQ he drawn from one of the vertices of sn ellipse 
perpendicular to the tangent at any point P; prove that the 
locus of the point of intersection of PS and QA produced 
will be a circle. 



69. If Y, Y' bo the feet of the perpendiculars from the foci 
of an ellipse on the tangent at i'; prove that the circle cir- 
camscribed about the triangle TiVi" will pass through C. 

70. Prove that the angle between the tangents to the 
auxiliary circle at T, Y', is the supplement of the angle 
SP8'. 



71. P is any point on an ellipse ; PJ-/, P.W perpendicular to 
the axes meet respectively, wlien produced, the circles described 
on the axes as diameter in the points Q, Q'. Show that QQ' 
passes through the centre. 

72. Assuming that the greatest triangle whicli can be in- 
scribed in a circle is equilateral, prove by the metliod of 
projection, that the greatest triangle which can be inscribed 
m an ellipse has one of its sides bisected by a diameter of the 
ellipse, and the others cut in points of bisection by the con- 
jugate diameter. 
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73. P§ is a chord of an ellipse, normal at P, LCJJ the 
diameter bisecting it. Show that PQ bisects the angle i Pi', 
and that LP + L'P is constant. 



74. A tangent to an ellipse at a point P intersects a fixed 
tangent in T; if tlirough the focus a line be drawn perpen- 
dicular to ST meeting the tangent to P m Q; show tSiat 
the locus of © is a straight line touching the ellipse. 

75. In an ellipse if a line be drawn through the focus 
making a constant angle with the tangent ; pi-ove that the 
Socus of the point of intersection with the tangent is a circle. 

76. Any chord PP" of an ellipse is produced to a point Q, 
such that F'Q is equal to half the diameter parallel to PP', 
and QR'U is drawn through the centre to meet the ellipse in 
R, E' ; show that the area PCR is three times the area 
PCM. 

77. In an ellipse, L is the extremity of the latus rectum, 
and CD conjugate to GL. If a circle be described with centre 
G and passing through B, and a line be drawn through D 
parallel to the major axis, the poiiion of this lino which lies 
within the circle will be equal to the latus rectum. 

78. If P be any point in an ellipse, and K the point in 
wliich a normal at P intersects a hne at riglit angles to it 
through S', E the point of intersection of SP, and the diameier 
conjugate to GP, and if JSK and GK be joined, each of the 
figures SOKE, S'GEK will Ije a parallelogTam. 

79. If y be a point on the axis A A' produced, and FN the 
ordinate of the point where the tangent from T touches the 
ellipse ; prove that 

AN. A'N : AT. A! T :: CN : CT. 

80. Given in an ellipse a focus and two tangents; prove 
that the locus of the other focus is a straight line. 
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81. A focus, a tangent, and the axis major being given, 
prove that the locus of the other focus is a circle. 

82. A focus, a tangent, and the axis minor being given, 
prove that the locus of the other focus is a straight line. 

83. An ellipse touches a fixed ellipse and has a common 
focus with it ; if tlie major axis be fixed, the locus of the 
other focus is a circle; if the minor axis be fixed, the locua is 
an ellipse. 

84. An ellipse and a parabola have a common focus. Prove 
that the ellipse either intersects tlie parabola in two points, 
and has two common tangents with it, or else does not cut it. 

85. If in the ellipse a focus, a point, and the axis minor be 
given, the locus of the other focus is a parabola. 

86. If at the extremities P, Q of any two diameters CP, 
OQ of an ellipse, two tangents Pp, Qp be drawn cutting each 
other in T, and the diameter produced in p and q, then the 
areas of the ta-iangles TQp, TPq are equal. 

87. If a straight line ON be drawn from the centre to 
bisect that chord of the cu'cle of curvature at any point P of 
an ellipse, which is common to the ellipse and circle, and if it 
be produced to cut the ellipse in Q, and the tangent in T; 
prove that OP = OQ, and that each is a mean proportional 
between GN3.m\GT. 

88. An ellipse Is described so as to touch the three sides of 
a triangle ; prove that if one of its foci move along the cir- 
cumference of a circle passing through two of the angular 
points of the triangle, the other will move along the circum- 
ference of another circle, passing through the same two angular 
points, Prove also that if one of these circles pass through 
the centre of the circle inscribed in the triangle, the two circles 
will coincide. 

89. A triangle is described about an ellipse, so that the 
extremities of one of its sides lie in an ellipse, confocal with 
the given one ; prove that the line bisecting the opposite angle 
passes through the pole of that side with respect to the outer 
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CONIC SECTIONS. 135 

90. Prove the following construction for a pair of tangents 
from any exlernal point T to an ellipse of which the centre is 
C. Join CT; let TPCFT, a similar and similarly situated 
ellipae, be drawn, of which CT ia a diameter, and F, F its 
points of intersection with the given ellipse; TP, TP will 
be tangents to the given ellipse. 

91. The locus of the foci of all ellipses inscribed in the 
same parallelogram is a rectangular hyperbola. Prove this, 
and give a geometrical construction for finding the asymp- 



92. AC is a fixed diameter of a circle, ABGD a CLuadri- 
lateral figure inscribed in the circle ; prove that if the angles 
BAG, DAG be complementary, the locus of the intersection 
of BA, CD will be an hyperbola. 

93. Prove that a circle can be described so as to touch the 
four straight lines drawn from the foci of an hyperbola to any 
two pohits on the same branch of the curve. 

94. Any three diameters of an ellipse LL', MM', NN', 
being taken, a circumscribing parallelogram BTUV touches 
the ellipse at L, L' M, M'. 8how that a conic section can be 
described through the points R, T,JJ,V, N, N', which -will 
be an hyperbola whose asymptotes are the lines forming in 
the ellipse the diameters conjugate to NN' and to the other 
common chord of the ellipse and hyperbola. 

95. On opposite angles of any chord of a rectangular 
hyperbola arc described equal segments of circles ; show that 
the four points in which the circles to which these segments 
belong again meet the hyperbola, are the angular points of 
a parallelogram. 

96. A triangle is inscribed in a rectangular hyperbola : 
prove that the circle described through the middle points of 
the sides of tlie triangle passes through the centre of the 
hyperbola. 
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97. AOB is an isosceles triangle; AB tlie base, and D 
any point in CB or CB pi^odiiced : it' BZ be drawn parallel 
to A D, meeting CA or CA produced in Z, prove that the 
middle point of DZ will be in an hyperbola whose asymp- 
totes are GA, CB. 

98. An ellipse and hyperbola are described so that the 
foci of each are at the extremities of the transverse axis of the 
other ; prove that the tangents at their points of intersection 
meet the conjugate axis in points equidistant from the centre. 

99. In a rectangular hyperbola, PA', PL are drawn at 
right angles to A'F, AP respectively to meet the transverse 
axis in K and L ; prove that PK is equal to AP and KL to 
AA, and the normal at P bisects KL. 

100. In a rectangular hyperbola PC is a fixed diameter, 
Q any point on the curve; snow that the angles QPO, QOP 
differ by a constant angle. 

101. If the tangent at any point P of an hyperbola cut an 
asymptote in T, and if 8P cut the same asymptote in Q, 
vihenSQ = QT: 

102. If a given point be the focus of any hypei-bola, passing 
through a given point and touehing a given straight line, 
prove that the locus of the other focus is an arc of a fixed 
hyperbola. 

103. At any P of an hyperbola a tangent is drawn, and 
PQ is taken on it in a constant ratio to CB; prove that the 
locus of Q is an hyperbola, 

104. In an hyperbola, supposing the two asymptotes and 
one point of the curve be given in position, show how to 
construct the curve ; and find the position of the foci. 

105. If A, D be two fixed points, and the angle PAD 
always exceed PDA by a given angle ; find the locus of P, 
and the position of the transverse axis and asymptote. 
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CONIC SECTIONS. 137 

106. From the middle point J) of the base AB of the 
triangle ABC a straight line EDE' is drawn, making a 
given angle with AB, and the points E, E' are taken so that 
ED = E'D = \ AB. If CA, GB take all possible positions 
consistent with the condition that the difference of the angles 
GAB, CBA is equal to EDA ; prove that the point G will 
trace out a rectangular hyperbola of which AB, E'E are 
conjugate diameters. 

107. In the rectangular hyperbola, prove that the triangle, 
formed by the tangent at any point and its intercepts on the 
axes, is similar to the triangle formed by the straight lino 
joining that point with the centre, and the abscissa and semi- 
ordinate of the point. 

108. Tangents are drawn to an hyperbola, and the portion 
of each tangent intercepted by the asymptotes is divided in a 
constant ratio ; prove that the locus of the point of section is 
an hyperbola. 

109. Show that the point of trisection of a series of con- 
terminous circular arcs lie on branches of two hyperbolas, 
and determine the distance between their centres. 

110. From a point R on one asymptote ME is drawn 
touching the hyperbola in E, and ET, EV are drawn through 
E, parallel to the asymptotes, cutting a diameter in T and V; 
^Fis joined, cutting the hyperbola in P, p: show that TP, 
Tp touch the hyperbola. 

111. Given in the ellipse a focus and two points, the locus 
of the other focus is an hyperbola. 

112. If a rectangular hyperbola passes through three given 
points, the locus of its centre is a circle, which passes through 
the middle points of the lines joining the three given points. 

113. I£ the tangent at P meet one asymptote in T, and a 
line TQ be drawn parallel to the other asymptote to meet the 
curve in Q ; prove that if PQ be joined and produced both 
ways to meet the asymptotes in B, and R', BR' will be 
trisected at the points P and Q. 
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114. If two concentric rectangular hyperbolas have a com- 
mon tangent, the lines joining their points of intersection to 
their respective points of contact with the common tangent 
will subtend equal angles at their common centres. 

115. If TP, TQ he two tangents drawn from any point T 
to touch a conic in P and Q, and if S and iS" be the i'oci, then 

Sr : S'T' :: SP . 8Q : 8'P . S'Q. 

116. The circle of curvature at the vertex of a conic meets 
the axis again in D, and a tangent is drawn to the circle at 
J) : if two tangents he drawn to the circle from any point in 
the conic they will intercept between them a constant length 
of the former tangent. 

117. If the lines which bisect the angles between pairs of 
tangents to an ellipse be parallel to a fixed straight line, 
prove that the locus of the points of intersection of the 
tangents will be a rectangular hyperbola. 

118. An hyperbola, of given eccentricity, always passes 
through two given points; if one of its asymptotes always 
paas through a third given point in the same straight line 
with these, prove that the locus of the centre of the hyperbola 
will be a circle, 

119. A, P and B, Q are points taken respectively in two 
parallel straight lines, A and S being fixed, and P, Q variable. 
Prove that it the rectangle APBQ be constant, the line PQ 
will always touch a fixed ellipse or a fixed hyperbola, ac- 
cording as P and Q are on the same or opposite sides of 
AB. 

120. If two plane sections of a right cone be taken, having 
the same directrix, the foci corresponding to that directrix lie 
on a straight line which passes through the vertex. 

121. Give a geometrical construction by which a cone may 
be cut 50 that the section may be an ellipse of given eccen- 
tricity. 
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CONIC SECTIONS. 139 

122. Given a right cone and a point within it, there are 
but two sections which have this point for foeua ; and the 
planes of these sections make equal angles with the straight 
line joining the given point and the vertex of the cone. 

123. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the 
axis, prove that the curve of projection will be a conic section, 
having its focus at the point in which ihc axis meets the 
plane of projection. 

124. If F be the point where the major axis of an elliptic 
section meets the axis of the cone, and G be the centre of the 
section ; prove that 

CF : CS :: AA! : AO + A' 0, 

being the vertex of the cone. 
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